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ABSTRACT: How many electrons are excited in an electronic
transition? In this Letter, we introduce the excitation number to
answer this question when the initial and nal states are each
modeled by a single-determinant wave function. We show that
calculated  values lie close to positive integers, leading to
unambiguous assignments of the number of excited electrons.
This contrasts with previous de nitions of excitation quantities
which can lead to mis-assignments. We consider several examples
where  provides improved excited-state characterizations.

he electronic states of a molecular system are completely
characterized by their wave functions |, which satisfy the
time-independent Schrodinger wave equation

H = E D

where H is the Hamiltonian for the system and E, is the energy
corresponding to .

Often, however, we are less interested in individual states
than in the changes between two states, A and B, of the system.
Many of these changes, such as vertical excitation energies and
oscillator strengths, can be determined both experimentally
and theoretically. However, the answer to one apparently
benign question remains elusive: how many electrons are
excited in an electronic transition?

The issue is not trivial, for the absorption of even a single
photon can excite more than one electron.? Moreover, a two-
photon absorption can result in either the double excitation of
a single electron or the single excitations of two electrons.®*

Multiply excited states play a key role in important elds
such as optoelectronics,” but only rarely can the number of
excited electrons be measured experimentally, and there is a
dearth of reliable, general theoretical methods to compute an
“excitation number”. In part, the reason for this theoretical
de ciency can be traced to the successful modeling of excited
states® by con guration interaction (CI) expansions
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where ¢, ¢, cff, ... are the Cl amplitudes.  is the reference
con guration, typically the Hartree Fock (HF) ground-state
determinant, the | are singly substituted determinants in
which an electron has been promoted from the occupied
molecular orbital (MO) | ; to the virtual MO | | ,the [ are
doubly substituted determinants, and so forth.

Having expressed the excited state in such a way, it seems
natural to de ne an m-tuply excited state as one whose ClI
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expansion includes an m-tuply substituted determinant with a
signi cant amplitude. Unfortunately, however, this de nition is
problematic because the resulting m depends on the reference
con guration and the de nition of “signi_cant” is arbitrary.

In 1995, Head-Gordon et al. proposed’ that the number of
excited electrons be identi ed with the promotion number p, =
TrA = TrD, where A and D are the attachment and
detachment densities, respectively. However, the promotion
number often deviates signi cantly from integer values, and
this complicates its interpretation.

In recent work, we® ' and others* have shown that a
plausible alternative to Cl-based approaches is to approximate
an excited-state wave function by a single determinant

k k= det[ ] 3)

of spin orbitals ; (Figure 1). The excited-state determinant is
obtained by replacing the aufbau 2Protocol with either the
maximum overlap method (MOM)® or the initial maximum
overlap method (IMOM),” and it can be surprisingly
accurate,” even for challenging excited-state problems.® The
reason for this accuracy is that the orbitals in the excited-state
determinant are fully relaxed and are therefore optimal for that
state.

Suppose that we have found single-determinant wave
functions for states A and B and that |a; and |b; are their
respective occupied spin orbitals. Then the projection of |b;
onto the occupied space of A is

A _
o =g alby (4)
where we have adopted the Einstein summation convention.

The part of the density of state B that lies in the occupied
space of A is given by
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Figure 1. Formation of a single-determinant approximation to a
doubly excited state. The doubly substituted determinant’s orbitals
are able to relax during an IMOM-mediated SCF process.

s = 16" b ©)
and integrating this gives the number of electrons in state B
that lie in the occupied space of A

ng = glby  biay (6)
The excitation number, which is the number of electrons in B
that lie in the unoccupied space of A, is therefore

AB

where n is the total number of electrons in the system.

The excitation number has four desirable properties:

(1) It is computationally trivial.

(2) It is symmetric, i.e, Az = ga

(3) It is an integer if orbital relaxation is not allowed.

(4) 1t is invariant to unitary transformations of either the
occupied or virtual orbitals of either of the states.

The projected density & can yield additional information.
Speci cally, the hole density

MOEINGING )

shows the origin of the electron(s) involved in the transition
A B, and the particle density

w®= s £ ©)

shows where they go. Figure 2 shows an example of these
densities for a double charge-transfer excitation in the
[Ru(bpy)s]** complex. For clarity, the densities are separated
into their spin components.

Table 1 reports promotion numbers, excitation numbers,
oscillator strengths, and vertical excitation energies for several
excited states of various molecules at the BLYP/cc-pVTZ level.
Calculating the oscillator strengths for multiple excitations
requires going beyond the standard rst-order approach and is
beyond the scope of this work. The mean absolute deviation of
the excitation energies from the “exact” values is less than 0.3
eV. Mean deviations for other DFT functionals are usually less
than 0.5 eV; deviations for HF are larger.

The BLYP promotion numbers are usually not close to
integers and, as a result, they o er unclear guidance about the
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Figure 2. Hole and particle densities for a double (= 2.072) charge-
transfer state of [Ru(bpy)s]** at the BLYP/3-21G level. The
excitation involves metal-to-ligand (spin-up) and ligand-to-ligand
(spin-down) charge transfers. The computed vertical excitation
energy is 6.43 eV.

number of excited electrons. The TD-BLYP promotion
numbers with “relaxed” densities’ are closer to integers, but
the discrepancies are still uncomfortably large in many cases.

The  values are consistently smaller than p, and almost
invariably close to integers. Moreover, we have found that they
change little when other functionals or basis sets are used. The
small deviations from integers result from orbital relaxation
e ects (as noted above) and are usually positive. The only
exception in Table 1 arises for one of the doubly excited states
of LiH. The near-integer character of  encourages us to
identify m-tuply excited states as being those with m.

The excitation number o ers a new tool for the theoretical
characterization of excited states. For example, it is clear from
the  values that the 2 'A, state of anthracene and the 2 'A;
state of pleiadene are low-lying doubly excited states, facts
which are corroborated by strong agreement with the
experimental results.??*

The excitation number also reveals that certain states which
have been assigned as multiply excited based on CI amplitudes
may, in fact, have been mis-assigned. This appears to be the
case for the controversial 2 1Ag state of trans-butadiene and the
1 'E,, state of benzene.

The 2 'A, state of trans-butadiene has been studied
extensively both experimentally and theoretically (see Saha et
al®® and references therein). The most accurate Cl-based
studies agree that the excited-state wave function includes large
contributions from doubly substituted determinants. For
example, Serrano-Andres et al." attribute only 58% of their
CASSCF wave function to singly substituted con gurations
and hint that a large fraction of the remaining 42% is made up
of doubly substituted ones. Subsequently, others®*? have
rea rmed the doubly excited character of the 2 1Ag state and a
2006 study by Starcke et al. concluded that “for short polyenes,
the lowest excited 2 'A; and 1 'B, states can clearly be
classi ed as doubly excited” and the ability of TDDFT to
describe these states is ascribed to a “fortuitous cancellation of
errors in the ground- and excited-state wavefunctions.”**

However, Hsu et al.>* later reported remarkably accurate
excitation energies (mean deviation of 0.18 eV) using TDDFT
and a variety of functionals. This was surprising since it is well-
known that TDDFT is structurally incapable of describing
double excitations within the commonly adopted adiabatic
local density approximation,®*32:3%

What does reveal about the 2 1Ag state of butadiene? Our
BLYP/cc-pVTZ calculations yield an excitation energy in good
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Table 1. Promotion Numbers (p,), Excitation Numbers ( ), Oscillator Strengths (f), and Vertical Excitation Energies ( E,
eV) for Various States of Molecules Using BLYP/cc-pvVTZ#

#Helium results were obtained using BLYP/aug-pc4. BLYP p,, ,f,and E values are for wave functions obtained using IMOM. rTD-BLYP/cc-
PVTZ p, values employed “relaxed” attachment and detachment densities.” BLYP/6-31G* geometries were used throughout. “Exact” excitation
energies are either experimental or accurate ab initio results. References 12 29 are denoted in the nal column by superscript numbers.
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agreement with experiment and an  value of 1.022, leading us
to conclude that the state is, in fact, only singly excited. But, if
this is so, why do CI wave functions contain signi cant
contributions from doubly substituted determinants? The
answer is one of the key conclusions of this Letter.

The substituted determinants in a Cl expansion describe
three important e ects, viz., electron excitation, electron
correlation, and orbital relaxation. The third of these re ects
the fact that MOs that are optimal for the ground state are
nonoptimal for the excited state.®’ We contend that the
presence of large doubly substituted determinants in the CI
wave function of this excited state of butadiene arises not
because two electrons have been excited but, primarily, from
the need to relax the MOs.

The 1 lEzg state of benzene has a similar story. Benzene is
one of the most studied, and most challen%ing, molecules in
computational chemistry (see Matos et al.*® and references
therein). Early single-reference Cl studies®® ** yielded valence
excitation energy errors exceeding 1 eV. Later multireference
Cl (MRCI)*? and symmetry-adapted cluster CI (SAC CI)*
calculations gave better results but still produced errors of 0.5
eV. The errors can be reduced by applying perturbative
corrections to the MRCI wave functions, and, in this way,
Lorentzon et al.** and Hashimoto et al.*®> obtained a vertical
excitation energy (7.73 eV) for the 1 'E,, state that compares
well with experiment®® (7.80 eV). Their wave functions have
strong doubly substituted character (30% and 33%, respec-
tively) and the 1 1E2g state is therefore usually described as
arising from the (HOMO)?  (LUMO)? double excitation.*®

However, our calculations reveal that the 1 1Ezg state has =
1.006 and is therefore only singly excited, a result consistent
with TDDFT describing this excitation well.*® As for
butadiene, we conclude that the signi cant doubles amplitudes
are associated with orbital relaxation and correlation e ects.
They should not be interpreted as indicating a doubly excited
state.

Finally, we draw attention to the MnO, ion. The
experimental spectrum?® shows a strong absorption at 6.56
eV, but the associated transition has not been de nitively
assigned. Given the close agreement with one of our computed
energies (6.54 eV), it is possible that this absorption may arise
from the (1t))>  (2e)? double excitation ( = 2.113).

This Letter has introduced the excitation number , an
intuitively appealing measure of the number of electrons
excited in an electronic transition, and the derivation of also
leads to natural de nitions of particle and hole densities. We

nd that values are surprisingly close to integers, and the
reasons for this warrant further study. We have used to
correct the mis-assignments of well-known excited states of
butadiene and benzene.

AUTHOR INFORMATION
Corresponding Author
*E-mail: peter.gill@anu.edu.au.
ORCID
Giuseppe M. J. Barca: 0000-0001-5109-4279
Peter M. W. Gill: 0000-0003-1042-6331
Funding
P.M.W.G. thanks the Australian Research Council for funding
(Grants DP140104071 and DP160100246).
Notes
The authors declare no competing nancial interest.

ACKNOWLEDGMENTS

P.M.W.G. thanks the National Computational Infrastructure
(NCI) for supercomputer time.

REFERENCES

(1) Siebbeles, L. D. A. Organic solar cells: Two electrons from one
photon. Nat. Chem. 2010, 2, 608.

(2) Garziano, L.; Macri, V.; Stassi, R.; Di Stefano, O.; Nori, F,;
Savasta, S. One photon can simultaneously excite two or more atoms.
Phys. Rev. Lett. 2016, 117, 043601.

(3) Feng, L.; van der Hart, H. V. Double photoionization of doubly
excited helium. Phys. Rev. A: At, Mol,, Opt. Phys. 2002, 66, 031402.

(4) Shakeshaft, R. Two-photon single and double ionization of
helium. Phys. Rev. A: At,, Mol., Opt. Phys. 2007, 76, 063405.

(5) Wu, S.; Wang, L.; Lai, Y.; Shan, W.-Y.; Aivazian, G.; Zhang, X;
Taniguchi, T.; Watanabe, K.; Xiao, D.; Dean, C.; Hone, J.; Li, Z.; Xu,
X. Multiple hot-carrier collection in photo-excited graphene Moire
superlattices. Sci. Adv. 2016, 2, e1600002.

(6) Gonzalez, L.; Escudero, D.; Serrano-Andres, L. Progress and
challenges in the calculation of electronic excited states. ChemPhy-
sChem 2012, 13, 28.

(7) Head-Gordon, M.; Grana, A. M.; Maurice, D.; White, C. A
Analysis of electronic transitions as the difference of electron
attachment and detachment densities. J. Phys. Chem. 1995, 99, 14261.

(8) Gilbert, A. T. B.; Besley, N. A.; Gill, P. M. W. Self-consistent
field calculations of excited states using the Maximum Overlap
Method (MOM). J. Phys. Chem. A 2008, 112, 13164.

(9) Barca, G. M. J,; Gilbert, A. T. B.; Gill, P. M. W. Communication:
Hartree-Fock description of excited states of H,. J. Chem. Phys. 2014,
141, 111104.

(10) Barca, G. M. J;; Gilbert, A. T. B.; Gill, P. M. W. Simple models
for di cult excitations. Submitted for publication.

(11) Kaduk, B.; Kowalczyk, T.; Van Voorhis, T. Constrained Density
Functional Theory. Chem. Rev. 2012, 112, 321.

(12) Morton, D. C.; Wu, Q.; Drake, G. W. Energy levels for the
stable isotopes of atomic helium (4He | and 3He 1). Can. J. Phys.
2006, 84, 83 105.

(13) Kandula, D. Z.; Gohle, C.; Pinkert, T. J.; Ubachs, W.; Eikema,
K. S. E. Extreme Ultraviolet Frequency Comb Metrology. Phys. Rev.
Lett. 2010, 105, 063001.

(14) Robin, M. B. Higher Excited States of Polyatomic Molecules, Vol.
3; Academic Press: New York, 1985.

(15) Serrano-Andres, L.; Merchan, M.; Nebot-Gil, I.; Lindh, R.;
Roos, B. O. Towards an accurate molecular orbital theory for excited
states: Ethene, butadiene, and hexatriene. J. Chem. Phys. 1993, 98,
3151.

(16) Price, W. C.; Walsh, A. D. The absorption spectra of conjugated
dienes in the vacuum ultra-violet (1). Proc. R. Soc. London, Ser. A
1940, 174, 220.

(17) Hiraya, A.; Shobatake, K. Direct absorption spectra of jet-
cooled benzene in 130 260 nm. J. Chem. Phys. 1991, 94, 7700.

(18) Doering, J. P. J. Chem. Phys. 1969, 51, 2866.

(19) Nakashima, N.; Inoue, H.; Sumitani, M.; Yoshihara, K. Laser
flash photolysis of benzene. I11. S, S, absorption of gaseous benzene.
J. Chem. Phys. 1980, 73, 5976.

(20) Astier, R.; Meyer, Y. H. First allowed triplet-triplet transition in
benzene. Chem. Phys. Lett. 1969, 3, 399.

(21) Steiner, R. P.; Michl, J. Magnetic circular dichroism of cyclic -
electron systems. 11. Derivatives and aza analogues of anthracene. J.
Am. Chem. Soc. 1978, 100, 6861.

(22) Kawashima, Y.; Hashimoto, T.; Nakano, H.; Hirao, K.
Theoretical study of the valence * excited states of polyacenes:
anthracene and naphthacene. Theor. Chem. Acc. 1999, 102, 49.

(23) Dick, B.; Hohineicher, G. Two-photon spectroscopy of dipole-
forbidden transitions: The low-lying singlet states of anthracene.
Chem. Phys. Lett. 1981, 83, 615.

DOI: 10.1021/acs.jctc.7b00963
J. Chem. Theory Comput. 2018, 14,9 13


mailto:peter.gill@anu.edu.au
http://orcid.org/0000-0001-5109-4279
http://orcid.org/0000-0003-1042-6331
http://dx.doi.org/10.1021/acs.jctc.7b00963

Journal of Chemical Theory and Computation

(24) Kolc, J.; Downing, J. W.; Manzara, A. P.; Michl, J. , -
biradicaloid hydrocarbons. The pleiadene family. Il. Doubly excited
state of pleiadene. J. Am. Chem. Soc. 1976, 98, 930.

(25) Bande, A.; Nakashima, H.; Nakatsuji, H. LiH potential energy
curves for ground and excited states with the free complement local
Schrodinger equation method. Chem. Phys. Lett. 2010, 496, 347.

(26) Johnson, L. W.; McGlynn, S. P. The electronic absorption
spectrum of chromate ion. Chem. Phys. Lett. 1970, 7, 618.

(27) Holt, L.; Ballhausen, C. J. Low temperature absorption spectra
of KMnQO, in KCIO,. Theor. Chim. Acta 1967, 7, 313.

(28) Mullen, P.; Schwochau, K.; Jgrgensen, C. K. Vacuo ultraviolet
spectra of permanganate, pertechnetate and perrhenate. Chem. Phys.
Lett. 1969, 3, 49 51.

(29) Zerner, M. C,; Loew, G. H.; Kirchner, R. F.; Mueller-
Westerhoff, U. T. An intermediate neglect of differential overlap
technique for spectroscopy of transition-metal complexes. Ferrocene.
J. Am. Chem. Soc. 1980, 102, 589.

(30) Saha, B.; Ehara, M.; Nakatsuji, H. Singly and doubly excited
states of butadiene, acrolein, and glyoxal: Geometries and electronic
spectra. J. Chem. Phys. 2006, 125, 014316.

(31) Cave, R. J; Zhang, F.; Maitra, N. T.; Burke, K. A dressed
TDDFT treatment of the 2 1 A, states of butadiene and hexatriene.
Chem. Phys. Lett. 2004, 389, 39.

(32) Levine, B. G.; Ko, C.; Quenneville, J.; Martinez, T. J. Conical
intersections and double excitations in time-dependent density
functional theory. Mol. Phys. 2006, 104, 1039.

(33) Starcke, J. H.; Wormit, M.; Schirmer, J.; Dreuw, A. How much
double excitation character do the lowest excited states of linear
polyenes have? Chem. Phys. 2006, 329, 39.

(34) Hsu, C.-P.; Hirata, S.; Head-Gordon, M. Excitation energies
from time-dependent density functional theory for linear polyene
oligomers: butadiene to decapentaene. J. Phys. Chem. A 2001, 105,
451,

(35) Tozer, D. J.; Handy, N. C. On the determination of excitation
energies using density functional theory. Phys. Chem. Chem. Phys.
2000, 2, 2117 2121.

(36) Maitra, N. T.; Zhang, F.; Cave, R. J; Burke, K. Double
excitation within time-dependent density functional theory linear
response. J. Chem. Phys. 2004, 120, 5932.

(37) Szabo, A.; Ostlund, N. S. Modern Quantum Chemistry;
McGraw-Hill: New York, 1989.

(38) Matos, J. M. O.; Roos, B. O.; Malmqvist, P.-A. A CASSCF-CCI
study of the valence and lower excited states of the benzene molecule.
J. Chem. Phys. 1987, 86, 1458.

(39) Buenker, R. J.; Peyerimhoff, S. D. ClI method for the study of
general molecular potentials. Theor. Chim. Acta 1968, 12, 183.

(40) Peyerimhoff, S. D.; Buenker, R. J. Comparison of the molecular
structure and spectra of benzene and borazine. Theor. Chim. Acta
1970, 19, 1.

(41) Hay, P. J.; Shavitt, 1. Ab initio configuration interaction studies
of the -electron states of benzene. J. Chem. Phys. 1974, 60, 2865.

(42) Palmer, M. H.; Walker, 1. C. The electronic states of benzene
and the azines. I. The parent compound benzene. Correlation of
vacuum UV and electron scattering data with ab initio studies. Chem.
Phys. 1989, 133, 113.

(43) Kitao, O.; Nakatsuji, H. Cluster expansion of the wave function.
Valence and Rydberg excitations and ionizations of benzene. J. Chem.
Phys. 1987, 87, 1169.

(44) Lorentzon, J.; Malmaqvist, P.-A.; Fulscher, M.; Roos, B. O. A
CASPT2 study of the valence and lowest Rydberg electronic states of
benzene and phenol. Theor. Chim. Acta 1995, 91, 91 108.

(45) Hashimoto, T.; Nakano, N.; Hirao, K. Theoretical study of the
valence * excited states of polyacenes: Benzene and
naphthalene. J. Chem. Phys. 1996, 104, 6244.

(46) Handy, N. C.; Tozer, D. J. Excitation energies of benzene from
Kohn-Sham theory. J. Comput. Chem. 1999, 20, 106.

13

DOI: 10.1021/acs.jctc.7b00963
J. Chem. Theory Comput. 2018, 14,9 13


http://dx.doi.org/10.1021/acs.jctc.7b00963

