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ABSTRACT: How many electrons are excited in an electronic
transition? In this Letter, we introduce the excitation number η to
answer this question when the initial and ﬁnal states are each
modeled by a single-determinant wave function. We show that
calculated η values lie close to positive integers, leading to
unambiguous assignments of the number of excited electrons.
This contrasts with previous deﬁnitions of excitation quantities
which can lead to mis-assignments. We consider several examples
where η provides improved excited-state characterizations.

T

expansion includes an m-tuply substituted determinant with a
signiﬁcant amplitude. Unfortunately, however, this deﬁnition is
problematic because the resulting m depends on the reference
conﬁguration and the deﬁnition of “signiﬁcant” is arbitrary.
In 1995, Head-Gordon et al. proposed7 that the number of
excited electrons be identiﬁed with the promotion number pn =
TrA = TrD, where A and D are the attachment and
detachment densities, respectively. However, the promotion
number often deviates signiﬁcantly from integer values, and
this complicates its interpretation.
In recent work, we8−10 and others11 have shown that a
plausible alternative to CI-based approaches is to approximate
an excited-state wave function by a single determinant

he electronic states of a molecular system are completely
characterized by their wave functions Ψk which satisfy the
time-independent Schrödinger wave equation
Ĥ Ψk = Ek Ψk

(1)

where Ĥ is the Hamiltonian for the system and Ek is the energy
corresponding to Ψk.
Often, however, we are less interested in individual states
than in the changes between two states, A and B, of the system.
Many of these changes, such as vertical excitation energies and
oscillator strengths, can be determined both experimentally
and theoretically. However, the answer to one apparently
benign question remains elusive: how many electrons are
excited in an electronic transition?
The issue is not trivial, for the absorption of even a single
photon can excite more than one electron.1,2 Moreover, a twophoton absorption can result in either the double excitation of
a single electron or the single excitations of two electrons.3,4
Multiply excited states play a key role in important ﬁelds
such as optoelectronics,5 but only rarely can the number of
excited electrons be measured experimentally, and there is a
dearth of reliable, general theoretical methods to compute an
“excitation number”. In part, the reason for this theoretical
deﬁciency can be traced to the successful modeling of excited
states6 by conﬁguration interaction (CI) expansions
Ψk ≈ c0 Φ0 +

occ virt

occ virt

∑ ∑ cir Φir +

∑ ∑ cijrsΦijrs + ...

i

r

i<j r<s

Ψk ≈ Φk = det[χi ]

of spin−orbitals χi (Figure 1). The excited-state determinant is
obtained by replacing the auf bau protocol with either the
maximum overlap method (MOM)8 or the initial maximum
overlap method (IMOM),10 and it can be surprisingly
accurate,9 even for challenging excited-state problems.10 The
reason for this accuracy is that the orbitals in the excited-state
determinant are fully relaxed and are therefore optimal for that
state.
Suppose that we have found single-determinant wave
functions for states A and B and that |ai⟩ and |bi⟩ are their
respective occupied spin−orbitals. Then the projection of |bi⟩
onto the occupied space of A is

(2)

|biA⟩ = |aj⟩⟨aj|bi⟩

where c0, cri , crsij , ... are the CI amplitudes. Φ0 is the reference
conﬁguration, typically the Hartree−Fock (HF) ground-state
determinant, the Φri are singly substituted determinants in
which an electron has been promoted from the occupied
molecular orbital (MO) |ψi⟩ to the virtual MO |ψr⟩, the Φrsij are
doubly substituted determinants, and so forth.
Having expressed the excited state in such a way, it seems
natural to deﬁne an m-tuply excited state as one whose CI
© 2017 American Chemical Society

(3)

(4)

where we have adopted the Einstein summation convention.
The part of the density of state B that lies in the occupied
space of A is given by
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Figure 2. Hole and particle densities for a double (η = 2.072) chargetransfer state of [Ru(bpy)3]2+ at the BLYP/3-21G level. The
excitation involves metal-to-ligand (spin-up) and ligand-to-ligand
(spin-down) charge transfers. The computed vertical excitation
energy is 6.43 eV.
Figure 1. Formation of a single-determinant approximation to a
doubly excited state. The doubly substituted determinant’s orbitals
are able to relax during an IMOM-mediated SCF process.

ρBA = |biA⟩⟨biA|

number of excited electrons. The TD-BLYP promotion
numbers with “relaxed” densities7 are closer to integers, but
the discrepancies are still uncomfortably large in many cases.
The η values are consistently smaller than pn and almost
invariably close to integers. Moreover, we have found that they
change little when other functionals or basis sets are used. The
small deviations from integers result from orbital relaxation
eﬀects (as noted above) and are usually positive. The only
exception in Table 1 arises for one of the doubly excited states
of LiH. The near-integer character of η encourages us to
identify m-tuply excited states as being those with η ≈ m.
The excitation number oﬀers a new tool for the theoretical
characterization of excited states. For example, it is clear from
the η values that the 2 1Ag state of anthracene and the 2 1A1
state of pleiadene are low-lying doubly excited states, facts
which are corroborated by strong agreement with the
experimental results.23,24
The excitation number also reveals that certain states which
have been assigned as multiply excited based on CI amplitudes
may, in fact, have been mis-assigned. This appears to be the
case for the controversial 2 1Ag state of trans-butadiene and the
1 1E2g state of benzene.
The 2 1Ag state of trans-butadiene has been studied
extensively both experimentally and theoretically (see Saha et
al.30 and references therein). The most accurate CI-based
studies agree that the excited-state wave function includes large
contributions from doubly substituted determinants. For
example, Serrano-Andrés et al.15 attribute only 58% of their
CASSCF wave function to singly substituted conﬁgurations
and hint that a large fraction of the remaining 42% is made up
of doubly substituted ones. Subsequently, others31,32 have
reaﬃrmed the doubly excited character of the 2 1Ag state and a
2006 study by Starcke et al. concluded that “for short polyenes,
the lowest excited 2 1Ag and 1 1Bu states can clearly be
classiﬁed as doubly excited” and the ability of TDDFT to
describe these states is ascribed to a “fortuitous cancellation of
errors in the ground- and excited-state wavefunctions.”33
However, Hsu et al.34 later reported remarkably accurate
excitation energies (mean deviation of 0.18 eV) using TDDFT
and a variety of functionals. This was surprising since it is wellknown that TDDFT is structurally incapable of describing
double excitations within the commonly adopted adiabatic
local density approximation.31,32,35,36
What does η reveal about the 2 1Ag state of butadiene? Our
BLYP/cc-pVTZ calculations yield an excitation energy in good

(5)

and integrating this gives the number of electrons in state B
that lie in the occupied space of A
nBA = ⟨aj|bi⟩⟨bi|aj⟩

(6)

The excitation number, which is the number of electrons in B
that lie in the unoccupied space of A, is therefore
ηAB = n − ⟨aj|bi⟩⟨bi|aj⟩

(7)

where n is the total number of electrons in the system.
The excitation number has four desirable properties:
(1) It is computationally trivial.
(2) It is symmetric, i.e., ηAB = ηBA.
(3) It is an integer if orbital relaxation is not allowed.
(4) It is invariant to unitary transformations of either the
occupied or virtual orbitals of either of the states.
The projected density ρAB can yield additional information.
Speciﬁcally, the hole density
̌ (r) = ρA (r) − ρBA (r)
ρAB

(8)

shows the origin of the electron(s) involved in the transition
A →B, and the particle density
̂ (r) = ρB (r) − ρBA (r)
ρAB

(9)

shows where they go. Figure 2 shows an example of these
densities for a double charge-transfer excitation in the
[Ru(bpy)3]2+ complex. For clarity, the densities are separated
into their spin components.
Table 1 reports promotion numbers, excitation numbers,
oscillator strengths, and vertical excitation energies for several
excited states of various molecules at the BLYP/cc-pVTZ level.
Calculating the oscillator strengths for multiple excitations
requires going beyond the standard ﬁrst-order approach and is
beyond the scope of this work. The mean absolute deviation of
the excitation energies from the “exact” values is less than 0.3
eV. Mean deviations for other DFT functionals are usually less
than 0.5 eV; deviations for HF are larger.
The BLYP promotion numbers are usually not close to
integers and, as a result, they oﬀer unclear guidance about the
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Table 1. Promotion Numbers (pn), Excitation Numbers (η), Oscillator Strengths ( f), and Vertical Excitation Energies (ΔE,
eV) for Various States of Molecules Using BLYP/cc-pVTZa

a
Helium results were obtained using BLYP/aug-pc4. BLYP pn, η, f, and ΔE values are for wave functions obtained using IMOM. rTD-BLYP/ccpVTZ pn values employed “relaxed” attachment and detachment densities.7 BLYP/6-31G* geometries were used throughout. “Exact” excitation
energies are either experimental or accurate ab initio results. References 12−29 are denoted in the ﬁnal column by superscript numbers.
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agreement with experiment and an η value of 1.022, leading us
to conclude that the state is, in fact, only singly excited. But, if
this is so, why do CI wave functions contain signiﬁcant
contributions from doubly substituted determinants? The
answer is one of the key conclusions of this Letter.
The substituted determinants in a CI expansion describe
three important eﬀects, viz., electron excitation, electron
correlation, and orbital relaxation. The third of these reﬂects
the fact that MOs that are optimal for the ground state are
nonoptimal for the excited state.37 We contend that the
presence of large doubly substituted determinants in the CI
wave function of this excited state of butadiene arises not
because two electrons have been excited but, primarily, from
the need to relax the MOs.
The 1 1E2g state of benzene has a similar story. Benzene is
one of the most studied, and most challenging, molecules in
computational chemistry (see Matos et al.38 and references
therein). Early single-reference CI studies39−41 yielded valence
excitation energy errors exceeding 1 eV. Later multireference
CI (MRCI)42 and symmetry-adapted cluster CI (SAC−CI)43
calculations gave better results but still produced errors of 0.5
eV. The errors can be reduced by applying perturbative
corrections to the MRCI wave functions, and, in this way,
Lorentzon et al.44 and Hashimoto et al.45 obtained a vertical
excitation energy (7.73 eV) for the 1 1E2g state that compares
well with experiment19 (7.80 eV). Their wave functions have
strong doubly substituted character (30% and 33%, respectively) and the 1 1E2g state is therefore usually described as
arising from the (HOMO)2 → (LUMO)2 double excitation.45
However, our calculations reveal that the 1 1E2g state has η =
1.006 and is therefore only singly excited, a result consistent
with TDDFT describing this excitation well.46 As for
butadiene, we conclude that the signiﬁcant doubles amplitudes
are associated with orbital relaxation and correlation eﬀects.
They should not be interpreted as indicating a doubly excited
state.
Finally, we draw attention to the MnO4− ion. The
experimental spectrum28 shows a strong absorption at 6.56
eV, but the associated transition has not been deﬁnitively
assigned. Given the close agreement with one of our computed
energies (6.54 eV), it is possible that this absorption may arise
from the (1t1)2 → (2e)2 double excitation (η = 2.113).
This Letter has introduced the excitation number η, an
intuitively appealing measure of the number of electrons
excited in an electronic transition, and the derivation of η also
leads to natural deﬁnitions of particle and hole densities. We
ﬁnd that η values are surprisingly close to integers, and the
reasons for this warrant further study. We have used η to
correct the mis-assignments of well-known excited states of
butadiene and benzene.
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