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Atomic and molecular intracules for excited states
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Intracules in position space, momentum space and phase space have been calculated for low-lying
excited states of the He atom, Be atom, formaldehyde and butadiene. The phase-space intracules
(Wigner intraculesprovide significantly more information than the position- and momentum-space
intracules, particularly for the Be atom. Exchange effects are investigated through the differences
between corresponding singlet and triplet states.2@4 American Institute of Physics.
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I. INTRODUCTION —

|(V):f m2(P1,P2) 6(P12—V)dp1dp,, (€)
Much of modern electronic structure theory is based on

the one-electron densify(r). The relative simplicity ofo(r)  where ,(p;,p,) is the momentum two-electron density.
compared to the many electron wave functiB(r;) leads to  Similarly the spherically averaged intracule
computationally cost effective methods. Furthermore, chemi-
cally useful information can be more easily gleaned from
p(r). However, this simplicity comes at a price, and when

W (r;) is reduced tp(r) much information is lost. In particu- . f th bability th | il h
lar, it is often valuable to retain explicit two-electron infor- s a measure of the probability that two electrons will have

mation. Intracules are two-electron distribution functions and ela_tlve mom,e”t“"}{: V. We. have adopted Fhe qotat|on
are an intermediate quantity betwegin) and ¥ (r,) outlined previously® and P(u) is called the position intrac-
The intracule densityl(U), represents the Ip.robability ule and its counterpart the momentum intracule is denoted

density for the interelectronic vector=r,;—r,: M(v). ) ) )
Research involving momentum intracules has closely
followed that for position intracule®°-°° Much of the
I(u)=f po(rq,r2)d(r,—u)drqdrs,, (1)  early work, including the study of the Coulomb hole, was
done by Banyard and co-workets.*244-4"Molecular HF
momentum intracules for relatively large systems have been
reportec?® Generally, these intracules are smooth functions
that lack the well-defined structure of their position space
counterparts.

M(v)=f|_(v)dgv (4

wherep,(r,r,) is the two-electron density. A simpler quan-
tity is the spherically averaged intracule density

P(u)=f [(u)dQ,, (2 Recently, a new joint positioand momentum intracule,
called the Wigner intracul®/(u,v), has been definéd
which measures the probability that two-electrons are sepa-
rated by ascalar distanceu=|ul. W(U,v)=f Wo(r1,p1,r2,P2) 8(r 12— U) 8(P12—V)
Position intracules have received considerable attention
from a number of authors:3” Much of this work has been X dr,dr,dp,dp,dQ,dQ,, (5)

concerned with studying the difference between intracules

for correlated and uncorrelated wave functions, the so—callelﬁ’herew2
Coulomb holé The moments of position intracules for a 1
large number of atoms based on numerical Hartree—Fock Wz(rlapl1r21p2):_6J po(F1+0y,F1—0q,ro+ s,
(HF) wave functions have been reported by Koga and ™

Matsuyama’-! More recently, the computation of HF posi-
tion intracules for large systems has been described and
implemented Molecular position intracules generally have (6)

a number of distinct featl;res that correspond to the underly'T'he Wigner intracule is a measure of the combined probabil-
ing molecular frameworf

. . . ity that electrons are separated bwith relative momentum
Analogous quantities can be defined in momentumy b W

. ) _v. W(u,v) is related to the position and momentum intrac-
space.l(v) represents the probability density of a relative ules through
momentum vectov=p; —p,:

is the second-order reduced Wigner functfoi?

r2_ qz)e_Zi(pl'ql+p2'q2) dqldq2 .

P(u)zf:ww,u)du, (7)
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TABLE I. Correlation energiesin au) for the lowest triplet states.

|\/|(v)=J W(u,v)du, (8)
0 System CIS/6-31G CCSD/6-31-G
Be +0.001 -0.001
Hartree—FockV(u,v) have been presented for a number gomaidenyde 10.040 ~0.192
of systems®%3 Wigner intracules often have a number of Butadiene -0.016 ~0.380

distinct features that can be attributed to interactions betweer
electrons in particular orbitaf§.
Work involving intracules has generally focused on at-

oms and molecules in their ground electronic states. How; Coulomb holes for excited states of the Be-like ions
- : ground ¢ ) “have been reportel,where, as expected, the triplet states
ever, it is also of interest to examine intracules for electroni-

cally excited states since this provides insight into changes igenerally possess shallower Coulomb holes than the singlet
y oo ST provides Insig Nanges 16 ates. Koga, Matsuyama, and co-work®f& studied posi-
the electronic distribution upon excitation. Both position and

. : . tion and momentum intracules for the group 14, 15, and 16
momentum intracules for a variety of excited states of Heatoms States with higher angular momentum were found to
have been studied in det&it?1114.16.18.22,.28,30,31,42,49.64563 ¢ ) 9 9

have an increased probability of finding pairs of electrons

of the motivation for these studies was to examine the Couéeparated by a short distance. Rece‘??tlwsition intracules

lomb hole and the difference in intracule density bewveenderived from correlated wave functions have been reported

singlet and triplet states. These difference intracules are re. ) L .
. T or a number of excited states of Be-like ions. The difference
lated to the Fermi hof8 and provide insight into the effects " xol el :

of exchange. In early work. position intracules for the sin Ietintracules between the singlet and triplet states showed quali-
and i Ieth(.lsZS) Ztates ’OF; He were reportdd? It Wasg tatively different behavior depending on the nuclear charge.
P P ' The 'P(2s2p)—3P(2s2p) intracule for Be showed a nega-

found that the Coulomb hole for the excited states is mor%ve region at lowu and a positive region at high For the
complex than the Coulomb hole of the ground state. K&triel . J P g

showed that for He there is a reduction of the probability ofIons C" —Ne™* this behavior was reversed, with a positive

o : region at lowu. While like Be, B" showed a negative region
finding electrons close together in tAB(1s2p) state com- at low u; at long range its behavior differed from Be.

pared to the corresponding singlet state. However, there is a While a limited class of excited states can be studied

considerable increase in finding electrons at moderate Sep‘[’}'sing HF theory, in order to generate arbitrary excited states

ration and a reduced probability of large separations. Thl?t is necessary to go beyond the HE approximation. In this

was consstgnt with the c'ounter-lntqltlve ob§ ervation Fha.lt .th%rticle, we describe the computation of position, momentum,
interelectronic repulsion is greater in the higher multiplicity

67 . . and Wigner intracules for the configuration interaction in the
term?’ The lower energy of the triplet state arises from an . . . .
. . ) space of all singly excited determinaif@lS) wave function.
increase in the electron-nucleus attraction. It has been not

. - T . . is allows intracules to be computed for atoms and mol-
that the physical origin of this “reverse correlation” behavior . . . .
. . . . BB ecules in electronically excited states for relatively large mo-
is associated with the large size of thp @rbital.”® Similar

. lecular systems in position, momentum, and phase space.
3 11 ’ ’

ob_servatlon_s were found .for tHH.“ and”1l, states of H. The CIS method contains no description of dynamic electron

This behavior was confirmed in a subsequent sttidy

which position intracules were generated for the singlet an orrelation. This is illustrated by the correlation energies for
triplet P(1s2p) states of He-like ions (He Mg®*) from IS and coupled clustiCCSD wave functions shown in

Table I. These show there is only a relatively small energy

accurate correlated wave functions. The increase in interelecs . :
ifference between the HF and CIS wave functions, while

tronic repulsion on the inclusion of electron correlation was o oo .
. . the CCSD wave function introduces a significant correction.
found to decrease as the nuclear charge of the ions increased.

) . owever, intracules derived from the CIS wave function
In a related study? Regier and Thakkar presented position o o
should be qualitatively similar to those from more exact

intracules for_ thg smglet. and tripl&(1s2s) anq P(1s2s) . wave functions. Furthermore, intracules from uncorrelated
states of He-like ions. This showed very small interelectronic

. . . ; wave functions can be used to evaluate -correlation
separations to be more likely in the singlet state due to th%nergies7.0 The computation of intracules for CIS wave func-

presence of Fhe Fermi hole in the triplet stqte. This tendencyions using Gaussian basis functions within Q-CHis: de-
increased with the nuclear charge of the ion. Furthermore

o .~ 3cribed. Subsequently, position, momentum, and Wigner in-
bothP(ls_Zp) and$(1s2s) states showed qualitatively SIME - yracules for a number of excited states of atomic and
lar behavior. It was also suggested that the local MaxIMUnil, olecular systems are presented and discussed. The effects
found in the intracule for théS(1s2s) state arises from the y P )

of exchange are also examined in position, momentum, and

nodal structure of the wave function rather than the absenceh . . .
. . ) ase space through the evaluation of the difference intracule
of the Fermi hole. Position and momentum intracules weré)

reported for theéP(1s2p) and3P(1s2p) states of He based densities between singlet and triplet states. Atomic units are
. - . - used throughout.

on wave functions consisting of a linear combination of

Slater determinant® Although derived from less accurate

wave functions, the singlet—triplet difference of the position

intracule was found to be similar to the near-exact curve The computation ofP(u),® M(v),*® and W(u,v)®

presented earlier by Regier and ThakkaThe correspond-  have been described in detail elsewhere, consequently, only a

ing momentum intracules showed there to be greater protbsrief description is given here.

ability of low relative momentum in the singlet state. If the molecular orbitals are expanded within a basis set

Il. THEORY

Downloaded 09 Apr 2004 to 128.243.220.21. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



7292 J. Chem. Phys., Vol. 120, No. 16, 22 April 2004 N. Besley and P. Gill

N P(u) Miv)
0.6 0.6
z//a<r>=§ Cradulr), @ .
0.2 0.2
the intracules can be expressed as u v
1 2 3 4 5 6 1 2 3 4 5 6
P(u) M(v)
P(u)= > T,.(urho)p, (10)  os
MVNT 04 04
0.2 0.2
M(v)= 2 L pno(vho)y, (11 TR I S T334 5 6"
MVNO P(u) Miv)
0.6 0.6
04 04
W(u,0)= 2 T (wvho)y, (12)
MVNO 0.2 0.2
i 2 3 4 5 6" i 2 3 4 5 6 123450

where I',,,,, is the two-particle density matrix and
(uvho)p, (uvho)y, and (wvho)yy are the position, mo-  FIG. 1. Position, momentum, and Wigner intracules for He. Bottom row:

mentum, and Wigner integrals, respectively: ground state, middle rowS(1s2s) state, top row*S(1s2s) state. Negative
contours are represented with broken lines.

wvxa)p:f (1) bo(1)ba (1 +U) by (r + U)drdQy,

(13)  this digestion of the integrals with the two-particle density
5 matrix is small in comparison to the evaluation of the inte-
v :
Ao :_f N, (r+ +U) (U grals. As a result, intracules for a number of states can be
(n L 272 PuN S+ A)Er(a+ ) $, (L) evaluated with little additional cost. This has been imple-

_ mented within Q-Chem
X jo(qu)drdgdu, (14

lll. INTRACULES FOR HE-LIKE IONS

v2
(Mv)\U)w=—2J b (NG, (1+ Q) $r(r+a+u) , N ,
2w Figure 1 shows the position, momentum, and Wigner

. intracules for the ground state aRg(1s2s) and'S(1s2s)
X ¢bolr T W)]jo(qu)drdqd@dy. (15 states of He. The ground state intracule is generated at the

The evaluation of these integrals is the difficult stepHF level with the split-valence 6-31+G’* basis set and the
when computing intracules. For Gaussian basis functiongwo excited states from the CIS/6-3%+G wave function'?
integrals involving basis functions of arbitrary angular mo-The ground state intracules have been discussed
mentum can be generated by the differentiation of the intepreviously>®*°The momentum intracule is more diffuse than
gral over fours-functions’? Position and momentum inte- the position intracule and the Wigner intracule is positive
grals can be expressed in terms of relatively simple closedverywhere and has one peak with a maximum wab )
form expressions. For the Wigner integrals no simple closed-(1.1,1.6). The intracules for the two excited states are
form expression could be found for thsssgy, integral, strikingly different.
consequently, the evaluation of these integrals is consider- P(u) intracules for He-like ions have been discussed in
ably more problematic. Two approaches were adopted, theetail in the literaturd®16182264Fqr the 35(1s2s) state,
first used quadrature, while the second expressed the int&(u) is dominated by one peak whose maximum occurs at
grals in terms of an infinite seriés. largeru than for the ground state. At the CIS level, the peak

Intracules can then be generated through the two-particlsmaximum moves from 1.1 au in the ground state to 3.2 au in
density matrix. For HF wave functiong;,,,, can be ex- the 35(1s2s) state. This illustrates the increased interelec-
pressed as tron separation between electrons in tteahd X orbitals.
Near the origin, the intracules decay @b instead of qua-

HF - _ g _pe pe _pB pB
Do = AP usPro = PruoPin = PusPil, (16) dratically as seen for the ground state. This short-range be-
whereP,,, etc. are the HF density matrix elements. In ourhavior is related to the electron—electron cus has been

implementation, we follow the work of Maurice and described in detail elsewhéfé’. P(u) for the 1S(1s2s)
Head-Gordof? for the construction of the CIS two-particle state is bimodal. The bimodal nature &(u) for the
density matrix.I'S)5 , is expressed in terms of the HF den- 'S(1s2s) state has been observed previously in intracules
sity matrix, the CIS difference density matrix, and the atomicderived from correlated wave functioh§? In these intrac-

orbital representation of the CIS amplitudes. The CIS differ-ules, the relative size of the two peaks differs from the CIS
ence density matrix includes effects due to the relaxatiorintracule presented here, with the peak at loweing con-

arising from the use of HF orbitals in the CIS procedure.siderably smaller than the peak at largerThis may be a

These matrices are evaluated and stored for all the excitetbnsequence of the uncorrelated nature of the CIS wave
states. For each batch of integrals evaluated, contraction wittunction, however, the relative size of the two peaks is also
F/f'j(, is performed with the elements Bﬁ'fg(, evaluated on  sensitive to the extent of the diffuse basis functions. This
the fly. Consequently, the storage of the four-index two-bimodal behavior has been attributed to the nodal structure

particle density matrix is not required. The relative cost ofof the wave function for this staf&.The radial distribution
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FIG. 2. HelS(1s2s)-3S(1s2s) difference intracules. Negative contours 8 J%:‘.‘
are represented with broken lines. 6 ki
4
>
function for the 2 orbital shows two distinct peaks. Conse- 2
quently, electrons in the<orbital have a significant prob- T35 3 4356
ability of being close to the nucleus as well as much further u

away. ForP(u) the peak at lowu describes the interaction . , _ _ _
between the electrons in thes And X orbitals when the & FIG. 3._ S(1s2s)—°S(1s2s) Wigner dn‘f_erence intracules for B& (top), _
] . C** (middle), and N&" (bottom). Negative contours are represented with
electron is close to the nucleus, while the outer peak deg . \qn lines.
scribes the $/2s interaction when the £electron is further

from the nucleus. In general, the number of peaks in position

intracule densities can be predicted from a screened hydrgyrobability of largeu in the singlet stateAM (v) has similar
genic model, although additional peaks at lowre found in  structure toAP(u). Consequently, there is also a reduced
S states? probability of low v in the triplet state. These changes are
The momentum intracules for théS(1s2s) and jllustrated nicely byAW(u,v). In phase space there are two
'S(1s2s) states have one and two peaks, respectively. Howpositive peaks at(1.0,2.3, (3.5,0.8; these represent the
ever, for the singlet state the origin of the two peaks is rejower chance of finding electrons at smalland v in the
versed relative to its position space counterpart. The Wignefiplet state, respectively. The negative peak (215,1.5
intracule has one large positive peak(atl,1.3. At low U shows an increase in moderat@nduv in the triplet state.
andv there is a shallow negative region. This arises as a  For the He-like ionsAP(u) and AM(v) have qualita-
consequence of HF exchange which keeps electrons of the/ely the same form. However, as the nuclear charge in-
same spin apart. The small negative regions in Wigner intracreasesA P(u) becomes more compact addVi(v) more
cules highlight the fact that the Wigner distribution can only diffuse. This reflects the smaller orbitals and greater speeds
be regarded as a “quasi probability distribution.” For the of the electrons as the nuclear charge increases. The corre-
'S(1s2s) state the Wigner intracule shows the two peaksspondingAW(u,v) (Fig. 3 change significantly as nuclear
clearly, with a small negative region in between. There ischarge increases. The three peaks remain but they are in-

also significant intracule density at lowandv, since for  creasingly stretched in thedirection and squashed to law
CIS electrons of opposite spin are not correlated.

The effects of exchange are more clearly illustrated
by the difference intraculesAP(u)=P(u)(1S(1s2s)) - INTRACULES FOR BE-LIKE IONS
—P(u)(®3S(1s2s)), and similarly for AM(v) and Figure 4 shows CIS/6-31G (HF/6-31+G for the
AW(u,v), which are shown in Fig. 2AP(u) is qualitatively =~ ground statgintracules for the singlet excited states of Be.
similar to corresponding intracules derived from more accuThe ground state intracule has been discussed in detalil
rate wave function&® However, there are differences in the elsewheré® The three peaks in the Wigner intracule arise
relative size of the peakd P(u) shows clearly that there is from the 1s/1s (0.5,3.4, 1s/2s (2.1,2.3, and %/2s (2.9,0.9
a reduced probability of small in the triplet state. This has interactions.
been shown to be true for a large number of st&dis is The intracules shown for Be are for excited states in
what would be generally anticipated. There is also a greatavhich an excitation has occurred from the @rbital. Con-
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FIG. 4. Position, momentum, and Wigner intracules for the singlet states of

Be. Bottom row: ground state, second roWP(2s2p) state, third row:
15(2s3s) state, top row!P(2s3p) state. Negative contours are represented
with broken lines.

FIG. 5. Be'P(2s2p)-3P(2s2p) difference intracules. Negative contours
are represented with broken lines.

sequently, the peak describing the/ls interaction should

remain almost unchanged. The Wigner intracules confirmextending significantly to large. AM(v) is shorter ranged
this. The location of the 4/2s peak remains constant al- and has a positive peak at lanwsuggesting, as expected, that
though the size of the peak decreases. As anticipated, most loiw v is disfavored in the triplet state. A study of the Cou-
the changes in the intracules are associated with §2s2 lomb hole for Be, B, and G* also showed unexpected
peak. For the intrashell excitation to the @rbital no new  behavior for Be® It was found that the average interelec-
peaks can be distinguished in the intracules but there is @onic separation between thes/2s and Z/2s pairs de-
distinct elongation of th&2.9,0.§ peak in theu direction.  creased in the correlated wave function of tHe(1s2p)
This peak now corresponds to the/2p interaction. For the state. For B and C* the introduction of correlation led to
intershell excitations to thes3and 3 orbitals, distinct new an increase in the interelectronic separations. The origin of
peaks can be distinguished. This is a consequence ofghe 3his was found to be contraction of thep Zorbital in the
and 3 orbitals being considerably more diffuse. For theP(1s2p) state for Be. This contraction was not observed
15(2s3s) state, the new peaks 6%.0,2.0 and(8.0,0.3 cor-  for the other ions.

respond to the 4/3s and X/3s interactions, respectively, and The Wigner intracule can provide an alternative rational-
similarly the 1s/3p and 2/3p interactions for thé P(2s3p) ization of these observations. Three regions are observed,
state. two positive regions one with maxima &2,0.5 and the

The corresponding position intracules for these statesther at highu andv. Between is a negative region. The
show a well-defined shell structure. In particular, a third peakpeak at(2,0.5 indicates that in the triplet state electrons with
at largeu is clearly seen for théS(2s3s) and 1P(2s3p) low u andv are kept apart. However, in the singlet state
states. However, while three peaks can be seen in the melectrons with lowu and highv are more likely. This is
mentum intracule for théS(2s3s) state, for the!P(2s3p) physically reasonable since electrons already far apart in mo-
state these peaks have begun to merge and only two can beentum space will be less affected by the introduction of
distinguished. exchange. Position intracules can be visualized as arising

Recently, difference intraculesP(2s2p)—3P(2s2p) from projecting the Wigner intracule onto the axis [Eq.
have been reported by Gaz et al®® for the Be-like ions. (7)]. Consequently, the sign and magnitude of the peaks in
These intracules showed some unexpected features. For BeP(u) will depend on the delicate balance between these
AP(u) is negative at lowu and positive at highu. This  peaks. For Be the reduced chance of finding loand lowv
suggests that the electrons tend to be closer in the triplet staie the triplet state is outweighed by an increase in loand
than the singlet state. This is contrary to the common undefighv electrons and P(u) is unable to distinguish between
standing of exchange, which should keep electrons of théhem. For the Be-like iongFig. 6), as the nuclear charge
same spin further apart. For the iond'C-Ne®" the more increases the tendency for the negative peak to reach beyond
expected result of positive and negative peaks at low anthe positive peak at low and lowv decreases and conse-
high u, respectively, was found. The correspondikB(u), quently the first peak i\ P(u) will be positive. This arises
AM(v), andAW(u,v) for Be are shown in Fig. 5. Again, since the positive region extends to lowemas the nuclear
AP(u) has a negative region at low It is also long ranged, charge increases. A physical interpretation of this is that in
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FIG. 7. Position, momentum, and Wigner intracules for formaldehyde. Bot-
tom row: Ground state, middle row: change in intracule densities on exci-
tation to the'nz* state, top row: change in intracule densities on excitation
to the'n3s state. Negative contours are represented with broken lines.

—_— N W A N

sponding momentum intracules of the two states have similar
shapes. These intracules are considerably more short ranged
than the position space counterparts. Both show a decrease in
the relative momentum of the electrons. This is consistent
with the electrons being excited to larger orbitals. The mag-
nitude of the changes of relative position and momentum are
significantly greater for the excitation to the Rydberg state.
The Wigner intracules illustrate these features in more detail.
For both states there is a small positive region at loand

FIG. 6. 1P(2s2p)—3P(2s2p) Wigner difference intracules for B (top), low v, and a larger negative region at S“ghtly higheand

C?* (middle), and G (bottom. Negative contours are represented with V- 1he positive peak at lows and low v is unexpected,
broken lines. particularly for the'n3s state, since an electron is being
excited to a more diffuse orbital. A possible explanation of

N ) o " its origin is that in addition to excitation to a more diffuse
Be a significant fraction of the electron density is SUff'C'entlyorbital there is a contraction of theorbital. For theln3s

well separatgd in momentum space thz_it introduction of eXgiate there is a further positive region at high
change has little effect. However, in the ions the electrons are Figure 8 shows ground state intracules and changes in

increasingly close in position space, and consequently, thejfacjle densities for themra* and!#3s states for butadi-

relative separation in momentum space is not sufficient tQne computed with the 6-31G basis set. These intracules
compensate. The introduction of exchange correlation wills, .,y similar trends observed for formaldehyde. In general,

then result in the electrons increasing their relative separgpq change in intracule density is considerably more long
tions in the triplet state.

—_— N W R N

V. LARGER SYSTEMS

Pz(u) I‘;I(V)

Intracules for formaldehyde are shown in Fig. 7 for the 1 " 1
ground statdHF/6-31+G) and'n7* andn3s states(CIS/ 7, v . T 6 5 o' ”
6-31+G). This provides an opportunity to compare intrac- -3 -2
ules for valence and Rydberg states. Since we are primarily , ,, Mo
interested in changes in the electronic distribution upon elec- o5 o
tronic excitation, intracules for the excited states are repre- ¢ s 0" PR R >
sented as the difference in intracule densitescited state- 21 o
ground state

The ground state intracules are typical of organic mol- 31;(") 1;;“”
ecules. There is a distinct peakR{u) corresponding to the & 199
separation between heavy atoms &m¢p) is rather feature- ;3 30 "2
less with a long tail. The change ®(u) indicates a general T 5" ' 1468l

increase in the separation of the electrons in the eXCite%G 8 Positi . 4w intracules for butadi Bott
states. This is particularly apparent for the3s state for 9 FOSIIon, momentuim, anc tigner intraclies Jor dutadiene. Botiom

. . . . L row: ground state, middle row: change in intracule densities on excitation to
which there is a large shift from low to highu. This high-  he 177 state, top row: change in intracule densities on excitation to the

lights the diffuse nature of the Rydberg orbital. The corre-!#3s state. Negative contours are represented with broken lines.
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hole, however, they can be studied through the difference in
intracule density between singlet and triplet states. We have
discussed such intracules in position, momentum, and phase
space for a number of systems. We have found that a phase
space representation is necessary for understanding and ra-
tionalization of these effects, in particular for the Be-like
ions.
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