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Abstract

We contend that the dependence of traditional density functional theory (DFT) on the one-electron density alone is both its
strength and its weakness. We argue that progress beyond Kohn–Sham DFT involves the introduction of two-electron informa-
tion and present intracules as a natural and concise source of this. We define special cases called the J- and K-intracules and
discuss these in the context of both model systems and real molecules.q 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Inevitably, as the twentieth century gives way to the
twenty-first century, we find ourselves drawn to deep
questions about the state of our art and the directions
in which our field may move in the years to come.
Quantum chemistry has taken huge steps forward in
the last three decades and now presents a valuable
counterpoint to experimental chemistry, especially
in the study of problems that do not involve large
numbers of atoms. One of the ways in which this
power is often illustrated is by demonstrating the
level of agreement that can be achieved between
theory and experiment for certain physical quantities
in certain molecular systems and the experimental
datasets assembled [1–3] by Curtiss, Raghavachari
and Pople are popular testing grounds for such
comparisons. These include 148 atomization energies,
85 ionization energies and 58 electron affinities for a
set of small molecules that are well characterized
experimentally and Fig. 1 shows the mean absolute

deviations (MAD) of the predictions [2–4] of four
modern quantum chemical methods from these
experimental data.

The least accurate of the methods is BLYP [5,6]
which is a Kohn–Sham (KS) density functional
theory, i.e. one that computes the exchange-correla-
tion energy of a system entirely from its electron
density r(r ). The conceptual simplicity of Kohn–
Sham theories is delightful and calculations of this
type can be performed easily, even on reasonably
large systems. Nonetheless, their popularity is waning
and it is not clear that they will survive the test of
time. The results of years of exploration by numerous
groups seem to point to a deep truism: accurate quan-
tum chemistry requires two-electron information that
is almost impossible to infer from the densityr (r )
alone. Standard Kohn–Sham models may eventually
be doomed.

The Fock exchange energy

EK � 2
1
2

X
ab

�abuab� �1�

is a simple example of a two-electron quantity and the
discovery [7] that the addition of an empirically deter-
mined fraction ofEK to a KS theory often improves its
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accuracy was one of the milestones of the last decade.
The resulting “hybrid” methods depend on both the
density and the orbitals and are therefore not Kohn–
Sham procedures. As Fig. 1 shows, modifying the
BLYP procedure in this way to give the B3LYP
functional [8] significantly improves agreement with
experiment on the G2 dataset. Of course, even better
agreement can be obtained by introducing further
empirical corrections [9,10] but the presence of
several parameters in such models is neither aestheti-
cally pleasing nor scientifically illuminating.

If we seek appreciably greater accuracy than
B3LYP can achieve, but are reluctant to forego rigour
in favour of parameterization, we can turn to Pople’s
G2 and G3 schemes [1,4]. These offer high accuracy,
as Fig. 1 shows, but at a price. Being based on pertur-
bation and coupled-cluster theories, the G2 and G3
schemes are much more computationally expensive
than the DFT approaches and, at least for the present,
are restricted to fairly small systems. Moreover, their
computational expense reflects their intrinsic complexity
and, although one may grasp the mathematical details, it
is difficult to connect these to simple physical ideas.

Where does this leave us? We feel that there is
justification for both celebration and disappointment
in the present state of quantum chemistry for, though
it is true that agreement between theory and experi-
ment is now remarkably good, and possibly closer
than earlier generations believed possible, a deep

physical understanding of what our calculations actu-
ally mean has been sacrificed. It is either drowned in
the sea of empirical parameters that underpin modern
density functional theories, or impenetrably masked
by the voluminous scaffolding of linear algebra that
supports the most sophisticated post-Hartree–Fock
methods. Coulson’s plea “Give me insight, not
numbers!” has not been heeded and it is fair to say
that we embrace our DFT and G3 calculations with
“ignorant confidence”.

Some might argue pragmatically that confidence in
accuracy of our results is more important than a
detailed understanding of the physics that leads to
them, but we do not agree. If quantum chemistry is
to move forward as a scientific discipline, it is impera-
tive that we strive to develop a deeper understanding
of the factors that underlie its present shortcomings.
Without such insight, our attempts to advance will be
superficial and undirected.

However, this predicament is not inescapable
and we believe that quantum chemical methods
that are both accurate and intelligible should
be possible. Further, we believe that grafting two-
electron information onto the Kohn–Sham theory
is a promising way forward. Hybrid methods
like B3LYP are attempts of this sort (although
Becke prefers to cast them [7] in the framework
of the adiabatic connection formula) but we
find them both conceptually and computationally
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Fig. 1. Mean absolute deviations (MAD) from experiment of the atomization energies, ionization energies and electron affinities in the G2
dataset, as predicted by the BLYP, B3LYP, G2 and G3 models.



troublesome. In our view, a better approach is
based on intracules.

The history of intracules is a long one, although it is
difficult to follow because of the variety of nomencla-
ture and notation that various workers have employed.
The Cambridge mathematician Eddington introduced
the term [11] in the 1940s and the notion had certainly
spread into theoretical chemistry by the late 1950s.
Coulson in Oxford quickly recognized its utility and
his beautiful 1961 paper [12] with Neilson is often
cited as the seminal intracule paper in quantum
chemistry.

Although some interest was aroused [13–16], the
idea did not immediately receive the attention that it
deserved and, in 1967, the Canadian mathematician
Coleman wrote a stern article [17] admonishing quan-
tum chemists not to overlook intracule’s manifold
virtues. This, too, appears to have been largely ignored
but clearly influenced his chemistry colleague Smith
whose important series of papers [18–22] has stretched
over three decades. A period of study with Coulson
attracted Boyd, another young Canadian, into the fold
and he and his coworkers have also continued to
contribute [23–27] to the development of the subject.

Recently, the increasing popularity of density
functional theory has fueled a welcome renaissance
of interest in two-electron distribution functions and a
number of other scientists have been drawn to the
world of the intracule. Cioslowski is one of the leaders
in this latest generation and the work with his
collaborators [28–30] is particularly notable.

If r2�r1; r2� is the diagonal second-order spinless
density matrix [31], the function

I �u� �
Z
r2�r ; r 1 u� dr �2�

is called the intracule density and its spherical integral

P�u� �
Z

I �u� dVu �3�

is called the radial intracule density. Most previous
work [12–30] in this area concerned the intracules
of atoms and small molecules with correlated wave-
functions. In the present paper, however, we study the
radial intracule densities that arise in the Hartree and
Hartree–Fock approximations wherer2�r1; r2� takes
particularly simple forms. We will call the Hartree
and Fock functions the J-intracule and K-intracule,
respectively.

Sections 2 and 3 of this paper define and discuss
J- and K-intracules. Section 4 reviews our recent
algorithm for computing these and Section 5 discusses
the intracules of a graphite fragment.

2. J-intracules

Suppose that the electrons move independently in a
system whose density isr�r �: In this, the Thomas–
Fermi–Hartree statistical model, the second-order
density matrix factorizes and the radial intracule
densityP(u) becomes

J�u� � 1
2

ZZ
r�r � r�r 1 u� dr dVu �4�

which we call the J-intracule of the system. It
measures the probability that two electrons in the
system will be found at a separationr12 � u: The J-
intracules of many simple densities can be found in
closed form and, before proceeding further, it is
worthwhile for illustrative purposes to examine a
few such examples.

What is the probability that the distancer12

between two points chosen at random on a unit-
diameter disk (Fig. 2) equalsu? It is obvious that it
vanishes unless 0# u # 1 and it is an interesting
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Fig. 2. The distance between two random points on a disk.



exercise to prove that the J-intracule is given by

Jdisk�u� � 8u
p
�cos21u 2 u

���������
1 2 u2

p
�; 0 # u # 1

�5�
Fig. 3 depicts this function. It grows linearly nearu�
0 and decays as�1 2 u�3=2 nearu� 1: The most likely
distance, which is approximatelyu� 0:418; is less
than the radius of the disk.

The three-dimensional analogue, i.e. the probability
distribution for the distance between random points in
a ball of unit diameter, is also straightforward and

yields the J-intracule

Jball�u� � 6u2�u 2 1�2�u 1 2�; 0 # u # 1 �6�
which is shown in Fig. 4a. It grows quadratically
near u� 0 and decays similarly nearu� 1: The
most likely distance, which is approximatelyu�
0:525; exceeds the radius of the ball. Comparison
of Figs. 3 and 4a confirms that, whereasJdisk�u� is
biased to the left,Jball�u� is biased to the right. This
reflects the fact that pairs of points are generally
further apart in higher-dimensional spaces than in
lower ones.
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Fig. 3. The J-intracule for a disk-shaped density. See Eq. (5).

Fig. 4. The J-intracules for: (a) a ball; (b) the H atom; (c) a prolate ellipsoid; and (d) linear H10. See Eqs. (6) and (7).



The simplest atomic density is that of the ground-
state hydrogen atom and, because it extends over all
space, all positive values ofu are possible. The result-
ing J-intracule is

JH�u� � u2

12
�3 1 6u 1 4u2� e22u

; 0 # u # ∞ �7�

and is shown in Fig. 4b. It is quadratic nearu� 0;
reaches its maximum atu < 1:668 and decays
exponentially for largeu.

The J-intracules of systems that lack radial symme-
try tend to be more complicated than the examples
above and correspondingly more difficult to derive.
In such cases, it is often helpful to transform the
definition in Eq. (4) into Fourier space via the convo-
lution theorem. Specifically, if we know the Fourier
transform

F�k� �
Z
r�r � eik·r dr �8�

of the densityr (r ), then it is easy to show that the J-
intracule is given by

J�u� � �2p�2D
ZZ

uF�k�u2 eik·u dk dVu �9�

whereD is the dimensionality ofr(r ). This shows that
the J-intracule is the spherical average of the Fourier
transform of the intensity of the Fourier transform of
the density!

We have used Eq. (9) to derive a formula for the J-
intracule of a prolate ellipsoid of charge with unit
major axis and minor axis� b and find that it is quad-
ratic nearu� 0 and vanishes as�1 2 u� 3 nearu� 1:
We find, further, that its third derivative is discontin-
uous atu� b: The expression for the J-intracule is
complicated and we will not present it here, however
it is plotted in Fig. 4c for a prolate ellipsoid withb�
1=4: It is strongly skewed to the left and this can be
understood from purely geometric considerations:
values ofu comparable to the minor axis are much
more likely than those comparable to the major axis. It
is interesting to study the behaviour of the J-intracule
as the minor axisb of the ellipsoid is progressively
reduced toward zero. As the ellipsoid becomes thin-
ner, the maximum in the J-intracule shifts to the left
until, in the limit, the ellipsoid becomes a line and the
J-intracule becomes�1 2 u�:

Our final illustrative example is the “H10 molecule”

obtained by placing ten ground-state hydrogen atoms
in a line, with a spacing of 1.4 bohr. Once again, it is
possible to write the J-intracule in a closed form but it
is uninformative and we will not reproduce it here. It
is plotted, however, in Fig. 4d and we find that it is an
unspectacular blend of the J-intracules of the prolate
ellipsoid and the single hydrogen atom. Its gross
features are similar to those of the ellipsoid because,
in gross terms, the electron density in H10 is approxi-
mately ellipsoidal. Its exponential tail, of course, is
inherited from the intracule of the single atom.

The plots in Fig. 4 illustrate some important general
features of J-intracules:

• J�u� $ 0 for all u. This is consistent with the prob-
abilistic interpretation of the J-intracule.

• J�u� � O�uD21� for smallu, whereD is the dimen-
sionality of the densityr (r ).

• J(u) is significant for 0, u , R; whereR is the
largest physical dimension of the system.

• If two densities are similar, their J-intracules will
tend also to be similar.

Having defined and illustrated it, we now turn to the
properties of the J-intracule. As the J-intracule of an
electron density measures the probability associated
with every possible interelectronic distancer12; it is
clear that it will be intimately associated with any
property that is the expectation value of a function
of that distance and we can write

1
2

ZZ
r�r1�f �r12�r�r2� dr1 dr2 �

Z∞

0
f �u� J�u� du

�10�
If f �u� � u21

; we obtain the Coulomb energyEJ of the
densityr (r ) and thus we have

EJ �
Z∞

0
u21J�u� du �11�

This equation allows us to calculate the Coulomb
energy from a J-intracule and, conversely, reveals that
J(u) is a weighted decomposition ofEJ that shows
directly which interelectronic distances make impor-
tant contributions to the Coulomb energy. As such, the
J-intracule is an important interpretive tool.

Eq. (11) shows that the Coulomb energy is one of
the moments of the J-intracule and it is natural to ask
whether any of its other moments are physically inter-
esting. BecauseJ(u) is quadratic at the origin, the
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moments of order23 and lower do not exist. If the
density r(r ) decays at least exponentially, all
moments of positive order exist and surprisingly, it
turns out that the even-order moments are physically
significant and easily computed [32,33]. The first two,
for example, areZ∞

0
u0J�u� du� n2

2
�12�

Z∞

0
u2J�u� du� nQ2 m2 �13�

where n is the number of electrons,m the dipole
moment ofr (r ) andQ is the trace of its quadrupole
moment. Higher moments and a general formula are
discussed in Ref. [32].

3. K-intracules

The K-intracule is the exchange analogue of the J-
intracule and may be defined as

K�u� � 2
1
2

X
ab

ZZ
xa�r �xb�r �xa�r 1 u�

× xb�r 1 u� dr dVu

�14�

where, as in Eq. (1), the summation is over pairs of
occupied spinorbitals. Although Eq. (14) can be
massaged into various alternative forms, this expres-
sion reveals that the K-intracule is a sum of functions
that may be thought of as J-intracules for the spinor-
bital productsxaxb:

It is easy to show that K-intracules possess some
properties analogous to J-intracules. For example,
K�u� # 0 for all u andK�u� � O�uD21� for small u,
whereD is the spin–orbital dimensionality. Further,
the relation

EK �
Z∞

0
u21K�u� du �15�

allows us to find the exchange energy from a K-intra-
cule and shows thatK(u) is a weighted decomposition
of EK revealing the interelectronic distancesu that
contribute significantly to the exchange energy. This
imbues the K-intracule with considerable interpretive
value for it offers a direct measure of the amount of
short- and long-range exchange in a given system.

Finally, we note that, as the even-order moments of
the J-intracule are related to the multipole moments of
the densityr (r ), the even-order moments of the K-
intracule are related to the multipole moments of the
spin–orbital productsxaxb: An elementary result isZ∞

0
u0K�u� du� 2

n
2

�16�

(n is the number of electrons) and formulae for higher
moments are discussed elsewhere [34].

4. Computing J- and K-intracules

If the molecular orbitals are expanded within a
basis set {fm} ; then the computation of J- and K-
intracules requires integrals of the form

�mnuls�u �
ZZ

fm�r �fn�r �fl�r 1 u�

×fs�r 1 u� dr dVu

�17�

which can immediately be written as the two-electron
integral

�mnuls�u �
ZZ

fm�r1�fn�r1� d�r12 2 u�

×fl�r2�fs�r 2� dr1 dr2

�18�

whered (x) is the Dirac delta function. Such integrals
can be easily computed via the PRISM algorithm,
provided that the zero-momentum�ssuss�u integral
can be evaluated. It turns out that the integral and its
derivatives are conveniently expressed in terms of
modified spherical Bessel functions. Our implementa-
tion is described in detail elsewhere [33] and we will
not discuss it further here.

Once a set of intracule integrals has been generated
for a value ofu, they are contracted appropriately with
density matrix elements to yieldJ(u) and K(u). Of
course, to generate plots of the J- and K-intracules
for a molecule, this entire process must be repeated
for everyu value of interest. This becomes computa-
tionally demanding for large systems but our imple-
mentation in Q-Chem is efficient and the results
reported in the following section were all obtained
on a PC with dual 450 MHz Pentium II processors.
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5. Intracules in delocalized systems

In our recent Letter on the computation of intracule
integrals [33], we discussed the J- and K-intracules for
the all-trans-1,3,5,7-octatetraene molecule, a textbook
example of a conjugated straight-chain hydrocarbon
and contrasted its K-intracule with that of octane. We
observed that, whereas the octane K-intracule decays
monotonically beyondu� 1:5 bohr; that of octate-
traene contains small additional peaks nearu� 11:5
and 16 bohr, indicating significant long-range
exchange contributions. We attributed this to the
delocalization effects.

We have now examined the tail of the octate-
traene K-intracule (Fig. 5) in greater detail and
have found that the locations of the small peaks
correspond to the 1,6 and 1,8 distances in this
molecule. Further, the exchange energy associated
with each of these peaks can be estimated from the

expressions

E1;6
K <

Z14

10
u21K�u� du� 21:3 mEh �19�

E1;8
K <

Z18

14
u21K�u� du� 20:1 mEh �20�

which are suitably truncated versions of Eq. (15). It
should be noted that the energy from the range
10 , u , 14 is the total contribution from the
1,6, the 2,7 and the 3,8 interactions in this mole-
cule. Calculations such as these are chemically
useful because they provide a direct and quantita-
tive measure of a system’s long-range exchange
energy. Moreover, the K-intracule here also
shows clearly that the exchange contribution from
1,7 interactions is negligible.

We were interested to discover which of our
conclusions regarding octatetraene apply to other
conjugated molecules. Accordingly, we chose to
investigate the J- and K-intracules of the highly
symmetrical graphite fragment shown in Fig. 6. The
edges of this planar system are terminated by hydro-
gen atoms and its molecular formula is C96H24. The
C–C and C–H bond lengths are 2.647 and 2.060 bohr,
respectively, and angles are trigonal. For conciseness,
we refer to it as a graphene. Its intracules were found
from its HF/STO-3G wavefunction.

The J-intracule of the graphene is shown as a solid
curve in Fig. 7. It is a complicated function but it
is possible, with a little effort, to assign most of the
fine structure. The sharp peaks arise from Coulomb
interactions between carbon core electrons and
therefore occur atu values that correspond closely
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Fig. 5. The tail of the K-intracule for 1,3,5,7-octatetraene.

Fig. 6. The graphene molecule.



to internuclear distances. For example, simple
trigonometric calculations confirm that the peaks at
u� 2:6; 4.6 and 5.3 bohr arise fromortho, metaand
para interactions between carbons around the six-
membered rings, and so forth.

It is even more rewarding, however, to under-
stand the gross structure of the J-intracule. The
dashed curve in Fig. 7 is the J-intracule of a disk
with a diameter of 35 bohr and bearing a total
charge (viz. 600 electrons) equivalent to that of
the graphene. The striking similarity between the
J-intracules of the disk and the graphene is an
immediate consequence of the similarity in their
physical shapes: roughly speaking, the electron-
charge distribution in the graphene in disk-shaped.
We conclude, therefore, that the apparently compli-
cated graphene J-intracule can be easily rationalized
as a superposition of core–core fine structure onto a

background intracule that reflects the overall
geometry of the molecule.

The K-intracule of the graphene is shown in Fig. 8.
We show only 0# u # 6 because the tail�6 # u #
35� is negligible on the scale of this plot. There is a
sharp peak atu� 0:3 bohr and a broader one atu�
1:3 bohr but, aside from these, the most notable
feature of the K-intracule appears to be itslack of
features. In these respects, it is identical to the intra-
cule of octatetraene which is plotted in Ref. [33, Fig.
3]. Self-interaction-correction is the dominant compo-
nent of Fock exchange and the peaks atu� 0:3 and
1.3 bohr stem from self-interaction in the carbon cores
and the valence regions, respectively.

However, the apparent blandness of the graphene
K-intracule is deceptive and its tail hides a number of
subtle features. The amplitudes of these satellites
decay approximately asu24 and therefore the simplest
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Fig. 7. The J-intracules for the graphene (solid) and a disk of diameter 35 bohr (dashed).

Fig. 8. The K-intracule for the graphene.



way to expose them is to plotu4K�u�; rather than
K(u). The resulting graph, which is shown in
Fig. 9, contains well-defined peaks atu�
4:0;6:2; 10:5;…bohr and reveals these as the key
distances over which exchange operates in this
molecule.

6. Concluding remarks

Intracules are valuable tools. They provide direct
physical interpretations for important two-electron
quantities such as the Coulomb energyEJ, Fock
exchange energyEK and (as has been known for
many years) the correlation energyEC. In doing so,
they offer a unified treatment of Coulomb, exchange
and correlation effects and, we propose an attractive
route to the next generation of quantum chemical
methods.

The J- and K-intracules defined in this paper were
computed by a development version of Q-Chem and
our implementation is sufficiently efficient to be
applied to moderately large systems. Moreover, the
even-order moments of the J- and K-intracule can
be formed from the multipole moments of the density
and orbitals, respectively, and we are currently devel-
oping methods that infer the structure of intracules
from knowledge of these moments.
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