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ABSTRACT = 
It is argued that Kohn-Sham calculations on open-shell systems should be spin 
unrestricted in character. An application to the proton hyperfine constant in the methyl 
radical is presented. 0 1995 John Wiley & Sons, Inc. 

Unrestricted Kohn-Sham Theory 

n the Kolu-Sham (KS) formulation of density I functional theory [l], a set of orbitals is 
introduced, appropriate for noninteracting elec- 
trons, with a modified potential that leads to the 
correct electron density p for the system with full 
interaction. When applied to atoms or molecules 
with unpaired spins (doublet, triplet . . . states), 
it is appropriate to use the generalization to 
a spin density functional formalism [2-41, in 
which the density spans the full four-dimensional 
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spin-Cartesian one-electron space. Under these 
circumstances, the KS spin-orbitals will be spin- 
unrestricted, so that the spatial parts of the 
a-orbitals will differ from the spatial parts of 
/3-orbitals. Thus, proper KS orbitals cannot be clas- 
sified as ”doubly occupied” or ”singly occupied,” 
as in spin-restricted Hartree-Fock theory. This 
feature follows because the effective potentials 
in the one-electron KS equations differ between 
a and /3 spin orbitals, since the environments 
differ if there are more a than p electrons. It 
is also evident because of the existence of local 
negative spin density (a negative local value of 

CCC 0020-7608 195 1040303-03 



POPLE, GILL, AND HANDY 

Spin densities and hydrogen coupling constants for CH3 at the UHF level. 

Spin density Coupling constant 
(S2> (Gauss) Basis set (a4  

ST03G 
3-21 G 
6-31 G( d) 
6-3lG(d,p) 
6-31 1 G(d,p) 
6-31 1 +G(2df,p) 
6-31 1 +G(2df,2p) 
6-31 1 ++G(3df,3pd) 

-0.0340 
-0.0277 
-0.0303 
-0.0296 
-0.0269 
-0.0259 
-0.0252 
-0.0252 

-54.1 
-44.1 
-48.2 
-47.1 
-42.8 
-41.2 
-40.1 
-40.1 

0.7652 
0.7623 
0.7618 
0.761 4 
0.7615 
0.7616 
0.7616 
0.761 7 

pa - pp even though the corresponding integral is 
positive). Negative spin densities are documented 
by high-level ab initio calculations [S-71 and 
also experimentally verified [8]. They cannot 
occur with a spin-restricted single configuration, 
where the spin-density equals the sum of squares 
of singly occupied orbitals and is everywhere 
positive. 

Another concept worthy of consideration is 
"spin-contamination." Spin-unrestricted Hartree- 
Fock [9] wave functions are described as spin- 
contaminated as they are not pure eigenfunctions 
of the total spin operator sz and the extent of 
contamination is often measured by the excess 
of the expectation value (s2) over its ideal value 
(0.75 for radicals, 2.0 for triplets). In this sense, 
the single determinant of KS orbitals is spin- 
contaminated. However, this is allowed since this 
determinant is clearly not the correct wave function 
for the system. The term "contaminated is unduly 
derogatory when applied to KS orbitals; in truth, a 
KS determinant (for a radical or a triplet), which is 
not spin-contaminated, is wrong. 

These features imply that Kohn-Sham theory, 
applied to open-shell systems, should be developed 
only in the spin-unrestricted formalism (uKS). Spin- 
restricted open shell formalisms (ROKS) should be 
avoided. 

The value of the local spin density at nuclear 
positions is an experimental observable through 
hyperfine interactions in electron spin resonance 
spectroscopy. It should provide a good test of 
various functionals, particularly whether they in- 
troduce the correct amount of spin contamination. 
Some density functional calculations on hyperfine 
constants have already shown promising results 
[lo]. Here, we give some results for the proton 
constant in the methyl radical to test some function- 
als in this manner. Computations were carried out 

using the QCHEM program [ll], using a "standard 
grid" [12]. 

All results use a D3h planar structure for CH3 
with r(C-H) = 1.079 A. At the unrestricted 
Hartree-Fock (UHF) level, a variety of basis 
sets was used, giving results listed in Table I. 
These indicate that the basis is well saturated, 
with a limiting UHF hyperfine constant of -40.1 
Gauss, close to a previous value of -41.7 Gauss 
obtained by Chipman [7] using a smaller basis. The 
experimental value [8l (corrected for vibrational 
displacements to correspond to planar CH3) is 
considerably smaller (-25 Gauss), indicating 
that spin polarization is overestimated at the 
UHF level. 

Several density functionals were tested, us- 
ing the large 6-311G(3d!3pd) basis, the results 
being listed in Table 11. The exchange parts are 
S (Slateruniform gas) or B (Becke 88 [13]), corre- 
lation parts are VWN (local density approximation 
[14]) or LYP (Lee, Yang, and Parr based on the 
Helium atom [15]). The results show some scatter 
but are generally superior to UHF when compared 
with the experimental value. The highest-level 
ab initio calculations do better (-25.6 Gauss 
by single-excitation configuration interaction [7], 
-27 Gauss by coupled cluster theory (cCSD) [5]). 
However, other density functionals may well come 
closer to the correct result. 

The amount of spin contamination in the KS 
determinant (listed in the final column of Table 11) 
is quite small for all of the functionals tested, 
certainly less than for UHF. The correct amount 
of such contamination (for the perfect functional 
and perfect density) is, of course, unknown at the 
present time. 

In conclusion, we emphasize the essential unre- 
stricted character of the KS spin orbitals for these 
open-shell system. Comparison of theoretical and 
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TABLE II 
Spin densities and hydrogen coupling constants 
for CH3 with various density functionals, using the 
6-31 1 + +G (3df,3pd) basis. 

Spin density Coupling constant 
Basis set ( a 4  (Gauss) (S2)  

HF 

s-null 
S-VWN 
s-LY P 
9-null 
B-VWN 
9-LYP 
Exptl. 

-0.0252 -40.1 0.7617 
-0.0151 -24.0 0.7547 
-0.01 11 -17.7 0.7525 
-0.0101 -16.1 0.7522 
-0.01 75 -27.9 0.7563 
-0.0128 -20.4 0.7535 
-0.01 16 - 18.5 0.7530 

-25.0 [8] 

experimental hyperfine constants can provide a 
simple, direct test of particular functionals. 
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