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3.1 Classical mechanics

In nonequilibrium statistical mechanics we seek to model transport processes
beginning with an understanding of the motion and interactions of individual atoms or
molecules. The laws of classical mechanics govern the motion of atoms and molecules so in this
chapter we begin with a brief description of the mechanics of Newton, Lagrange and Hamilton.
It is often useful to be able to treat constrained mechanical systems. We will use a Principle due
to Gauss to treat many different types of constraint - from simple bond length constraints, to
constraints on kinetic energy. As we shall see, kinetic energy constraints are useful for
constructing various constant temperature ensembles. We will then discuss the Liouville
equation and its formal solution. This equation is the central vehicle of nonequilibrium statistical
mechanics. We will then need to establish the link between the microscopic dynamics of
individual atoms and molecules and the macroscopic hydrodynamical description discussed in
the last chapter. We will discuss two procedures for making this conection. The Irving and
Kirkwood procedure relates hydrodynamic variables to nonequilibrium ensemble averages of
microscopic quantities. A more direct procedure we will describe, succeeds in deriving

instantaneous expressions for the hydrodynamic field variables.

Newtonian Mechanics

Classical mechanics (Goldstein, 1980) is based on Newton's three laws of motion.
This theory introduced the concepts of a force and an acceleration. Prior to Newton's work, the
connection had been made between forces and velocities. Newton's laws of motion were
supplemented by the notion of a force acting at a distance. With the identification of the force of
gravity and an appropriate initial condition - initial coordinates and velocities - trajectories could
be computed. Philosophers of science have debated the content of Newton's laws but when
augmented with a force which is expressible as a function of time, position or possibly of

velocity, those laws lead to the equation,

mr = F(r,rt) (3.1.1)

which is well-posed and possesses a unique solution.

Lagrange's equations

After Newton, scientists discovered different sets of equivalent laws or axioms upon
which classical mechanics could be based. More elegant formulations are due to Lagrange and
Hamilton. Newton's laws are less general than they might seem. For instance the position r,
that appears in Newton's equation must be a Cartesian vector in a Euclidian space. One does not

have the freedom of say, using angles as measures of position. Lagrange solved the problem of
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formulating the laws of mechanics in a form which is valid for generalised coordinates.

Let us consider a system with generalised coordinates q. These coordinates may be
Cartesian positions, angles or any other convenient parameters that can be found to uniquely
specify the configuration of the system. The kinetic energy T, will in general be a function of
the coordinates and their time derivatives dq/dt. If V(q) is the potential energy, we define the
Lagrangian to be L =T(q,dq/dt) - V(q). The fundamental dynamical postulate states that the

motion of a system is such that the action, S, is an extremum
8S=38[ dt L(q.q.)=0 (3.1.2)

Let q(t) be the coordinate trajectory that satisfies this condition and let q(t)+dq(t) where dq(t) is
an arbitrary variation in q(t), be an arbitrary trajectory. The varied motion must be consistent
with the initial and final positions. So that, dq(t;) = dq(tg) = 0. We consider the change in the

action due to this variation.

t t t

1 1 1
8S = jdt L(q+8q,q+84.t) - Jdt L(q.q.0) = Jdt [quéaq+356qj (3.13)
t0 t0 t0

Integrating the second term by parts gives

t1 tl
JdL oL d ,dL
o5 = | Gioa] o+ [[[55 - § 65 saa G-
0

Y

The first term vanishes because dq is zero at both limits. Since for t, <t < t;, 8q(t) is arbitrary,

the only way that the variation in the action 8S, can vanish is if the equation,

d(oL) oL _
dt[éqj 5 - 0 (3.1.5)

holds for all time. This is Lagrange's equation of motion. If the coordinates are taken to be

Cartesian, it is easy to see that Lagrange's equation reduces to Newton's.

Hamiltonian mechanics

Although Lagrange's equation has removed the special status attached to Cartesian
coordinates, it has introduced a new difficulty. The Lagrangian is a function of generalised
coordinates, their time derivatives and possibly of time. The equation is not symmetric with

respect to the interchange of coordinates and velocities. Hamilton derived an equivalent set of
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equations in which the roles played by coordinates and velocities can be interchanged.

Hamilton defined the canonical momentum p,

- 9L(q.49,0) 3.16
p X (3.1.6)

and introduced the function

H(qp,) = g{;q L =pq-L (3.1.7)

This function is of course now known as the Hamiltonian. Consider a change in the

Hamiltonian which can be written as
dH = qdp + pdq -dL (3.1.8)

The Lagrangian is a function of ¢, dg/dt and t so that the change dL, can be written as

dL:a—qu+ﬂ“dq+a—Ldt (3.1.9)

Using the definition of the canonical momentum p, and substituting for dL, the expression for

dH becomes
JL JdL

dH=&1dp—adq—§dt (3.1.10)

Lagrange's equation of motion (3.1.5), rewritten in terms of the canonical momenta is

p = oL (3.1.11)
dq
so that the change in H is
dH = qdp - pdq - 315 dt (3.1.12)

Since the Hamiltonian is a function of q,p and ¢, it is easy to see that Hamilton equations of

motion are

and p=-20 (3.1.13)



Chapter 3 -5

As mentioned above these equations are symmetric with respect to coordinates and momenta.
Each has equal status in Hamilton's equations of motion. If H has no explicit time dependence,
its value is a constant of the motion. Other formulations of classical mechanics such as the

Hamilton-Jacobi equations will not concern us in this book.

Gauss' Principle of Least Constraint

Apart from relativistic or quantum corrections, classical mechanics is thought to give
an exact description of motion. In this section our point of view will change somewhat.
Newtonian or Hamiltonian mechanics imply a certain set of constants of the motion: energy,
and linear and angular momentum. In thermodynamically interesting systems the natural fixed
quantities are the thermodynamic state variables; the number of molecules N, the volume V and
the temperature T. Often the pressure rather than the volume may be preferred.
Thermodynamically interesting systems usually exchange energy, momentum and mass with
their surroundings. This means that within thermodynamic systems none of the classical

constants of the motion are actually constant.

Typical thermodynamic systems are characterised by fixed values of thermodynamic
variables: temperature, pressure, chemical potential, density, enthalpy or internal energy. The
system is maintained at a fixed thermodynamic state (say temperature) by placing it in contact
with a reservoir, with which it exchanges energy (heat) in such a manner as to keep the
temperature of the system of interest fixed. The heat capacity of the reservoir must be much
larger than that of the system, so that the heat exchanged from the reservoir does not affect the

reservoir temperature.

Classical mechanics is an awkward vehicle for describing this type of system. The
only way that thermodynamic systems can be treated in Newtonian or Hamiltonian mechanics is
by explicitly modelling the system, the reservoir and the exchange processes. This is complex,
tedious and as we will see below, it is also unnecessary. We will now describe a little known
principle of classical mechanics which is extremely useful for designing equations of motion
which are more useful from a macroscopic or thermodynamic viewpoint. This principle does
indeed allow us to modify classical mechanics so that thermodynamic variables may be made

constants of the motion.

Just over 150 years ago Gauss formulated a mechanics more general than Newton's.
This mechanics has as its foundation Gauss' principle of least constraint. Gauss (1829) referred
to this as the most fundamental dynamical principle (Whittacker 1904, Pars 1979). Suppose
that the cartesian coordinates and velocities of a system are given at time t. Consider the

function C, referred to by Hertz as the square of the curvature, where
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- FY
. F
c=1 Z m (- (3.1.14)

C 1s a function of the set of accelerations {d2r;/dt?}. Gauss' principle states that the actual
physical acceleration corresponds to the minimum value of C. Clearly if the system is not
subject to a constraint then C=0 and the system evolves under Newton's equations of motion.

For a constrained system it is convenient to change variables from r; to w; where

1

(3.1.15)

Because the {w;}, are related to the Jacobi metric, we will refer to this coordinate system as the

Jacobi frame.

The types of constraints which might be applied to a system fall naturally into two
types, holonomic and nonholonomic. A holonomic constraint is one which can be
integrated out of the equations of motion. For instance, if a certain generalised coordinate is
fixed, its conjugate momentum is zero for all time, so we can simply consider the problem in
the reduced set of unconstrained variables. We need not be conscious of the fact that a force of
constraint is acting upon the system to fix the coordinate and the momentum. An analysis of the
two dimensional motion of an ice skater need not refer to the fact that the gravitational force is
exactly resisted by the stress on the ice surface fixing the vertical coordinate and velocity of the

ice skater. We can ignore these degrees of freedom.

Nonholonomic constraints usually involve velocities. These constraints are not
integrable. In general a nonholonomic constraint will do work on a system. Thermodynamic
constraints are invariably nonholonomic. It is known that the Action Principle cannot be used to

describe motion under nonholonomic constraints (Evans and Morriss, 1984b).

We can write a general constraint in the Jacobi frame in the form

gww,) =0 (3.1.16)

where g is a function of Jacobi positions, velocities and possibly time. Either type of constraint
function, holonomic or nonholonomic, can be written in this form. If this equation is
differentiated with respect to time, once for nonholonomic constraints and twice for holonomic

constraints we see that,
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n(w,w,t) ew = s(W,W,t). (3.1.17)

We refer to this equation as the differential constraint equation and it plays a fundamental role
in Gauss' Principle of Least Constraint. It is the equation for a plane which we refer to as the

constraint plane. n is the vector normal to the constraint plane.

Our problem is to solve Newton's equation subject to the constraint. Newton's
equation gives us the acceleration in terms of the unconstrained forces. The differential
constraint equation places a condition on the acceleration vector for the system. The differential
constraint equation says that the constrained acceleration vector must terminate on a hyper-plane

in the 3N-dimensional Jacobi acceleration space (equation 3.1.17).

Imagine for the moment that at some initial time the system satisfies the constraint
equation g=0. In the absence of the constraint the system would evolve according to Newton's

equations of motion where the acceleration is given by

w' =S (3.1.18)

This trajectory would in general not satisfy the constraint. Further, the constraint function g tells
us that the only accelerations which do continuously satisfy the constraint, are those which
terminate on the constraint plane. To obtain the constrained acceleration we must project the

unconstrained acceleration back into the constraint plane.

Gauss' principle of least constraint gives us a prescription for constructing this
projection. Gauss' principle states that the trajectories actually followed are those which
deviate as little as possible, in a least squares sense, from the unconstrained Newtonian
trajectories. The projection which the system actually follows is the one which minimises the
magnitude of the Jacobi frame constraint force. This means that the force of constraint must be
parallel to the normal of the constraint surface. The Gaussian equations of motion are then

W o= S - An, (3.1.19)

1 1

where Ais a Gaussian multiplier which is a function of position, velocity and time.
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Gauss' Principle of Least Constraint

unconstrained Jacobi
acceleration

normal to the constraint
plane, n(w,w,t)

\

iy

h

constraint satisfying accelaration, w

Figure 3.1 Gauss' Principle of Least Constraint

To calculate the multiplier we use the differential form of the constraint function. Substituting

for the acceleration we obtain

A= D3 -5 (3.1.20)

It is worthwhile at this stage to make a few comments about the procedure outlined
above. First, notice that the original constraint equation is never used explicitly. Gauss'
principle only refers to the differential form of the constraint equation. This means that the
precise value of the constrained quantity is undetermined. The constraint acts only to stop its
value changing. In the holonomic case Gauss' principle and the principle of least action are of
course completely equivalent. In the nonholonomic case the equations resulting from the
application of Gauss' Principle cannot be derived from a Hamiltonian and the principle of least
action cannot be used to derive constraint satisfying equations. In the nonholonomic case,
Gauss' principle does not yield equations of motion for which the work done by the constraint

forces is a minimum.

The derivation of constrained equations of motion given above is geometric, and is

done in the transformed coordinates which we have termed the Jacobi frame. It is not always
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convenient to write a constraint function in the Jacobi frame, and from an operational point of
view a much simpler derivation of constrained equations of motion is possible using Lagrange
multipliers. The square of the curvature C is a function of accelerations only (the Cartesian
coordinates and velocities are considered to be given parameters). Gauss' principle reduces to
finding the minimum of C, subject to the constraint. The constraint function must also be
written as a function of accelerations, but this is easily achieved by differentiating with respect
to time. If G is the acceleration dependent form of the constraint, then the constrained equations

of motion are obtained from

d } _
§(C AG) = 0. (3.1.21)

It is easy to see that the Lagrange multiplier A, is (apart from the sign) equal to the Gaussian

multiplier. We will illustrate Gauss' principle by considering some useful examples.

Gauss' Principle for Holonomic Constraints

The most common type of holonomic constraint in statistical mechanics is probably
that of fixing bond lengths and bond angles in molecular systems. The vibrational degrees of
freedom typically have a relaxation timescale which is orders of magnitude faster than
translational degrees of freedom, and are therefore often irrelevant to the processes under study.
As an example of the application of Gauss' principle of least constraint for holonomic
constraints we consider a diatomic molecule with a fixed bond length. The generalisation of this
method to more than one bond length is straightforward (see Edberg, Evans and Morriss, 1986)
and the application to bond angles is trivial since they can be formulated as second nearest
neighbour distance constraints. The constraint function for a diatomic molecule is that the

distance between sites one and two be equal to d;,, that is

gr,it) = 2, - d), =0, (3.1.22)

where we define r; to be the vector from r; to ry, (r;» = rj - ry). Differentiating twice with

respect to time gives the acceleration dependent constraint equation,

., 2
rer, + (r12) = 0. (3.1.23)

To obtain the constrained equations of motion we minimise the function C subject to the

constraint equation (3.1.23). That is

2 2
ai[éml(r]— mlJ + ;mz[rz'mzj - MIrpe Tt (rlz)ZJJ =0 G124

k
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For 1 equal to 1 and 2 this gives

1 - 1'7‘r12

8
-
|
S

(3.1.25)

=
=
I

F2 + 7‘r12

Notice that the extra terms in these equations of motion have opposite signs. This is because the
coefficients of the r; and r; accelerations have opposite signs. The total constraint force on the
molecule is zero so there is no change in the total momentum of the molecule. To obtain an
expression for the multiplier A we combine these two equations to give an equation of motion

for the bond vector ry»,
. F, F, L +
I, =|m, m | * MAm " mr, (3.1.26)

Substituting this into the differential form of the constraint function (3.1.23), gives

2
A = Tyt mF, - mF) 4 mm,r, (3.127)
5 : 1.
(m1 +m2) r,

It is very easy to implement these constrained equations of motion as the multiplier is a simple
explicit function of the positions, velocities and Newtonian forces. For more complicated
systems with multiple bond length and bond angle constraints (all written as distance

constraints) we obtain a set of coupled linear equations to solve for the multipliers.

Gauss' Principle for Nonholonomic Constraints

One of the simplest and most useful applications of Gauss' Principle is to derive
equations of motion for which the ideal gas temperature (ie. the kinetic energy) is a constant of
the motion (Evans et. al. 1983). Here the constraint function is

N

°2
: mr;  3NkgT
gr,ry) = 2 5= - 5 =0 (3.1.28)

i=1

Differentiating once with respect to time gives the equation for the constraint plane
N
D mi i, = 0. (3.1.29)
i=1

Therefore to obtain the constrained Gaussian equations we minimise C subject to the constraint
equation (3.1.29). That is



Chapter 3 - 11

N N
% > m k- m D mrer | = o0 (3.1.30)
‘ <

This gives

mi. = F. - Amir. . (3.1.31)

Substituting the equations of motion into the differential form of the constraint equation, we

find that the multiplier is given by

N

E F -t
_ =l
A (3.1.32)
.2
m.r.
1 1
&

1

As before, A is a simple function of the forces and velocities so that the implementation of the
constant kinetic energy constraint in a molecular dynamics computer programme only requires a
trivial modification of the equations of motion in a standard programme. Equations (3.1.31 &
32) constitute what have become known as the Gaussian isokinetic equations of motion.
These equations were first proposed simultaneously and independently by Hoover et. al. (1982)
and Evans (1983). In these original papers Gauss' principle was however not referred to. It

was a year before the connection with Gauss' principle was made.

With regard to the general application of Gauss' principle of least constraint one
should always examine the statistical mechanical properties of the resulting dynamics. If one
applies Gauss' principle to the problem of maintaining a constant heat flow, then a comparison
with linear response theory shows that the Gaussian equations of motion cannot be used to
calculate thermal conductivity (Hoover 1986). The correct application of Gauss' principle is
limited to arbitrary holonomic constraints and apparently, to nonholonomic constraint functions

which are homogeneous functions of the momenta.
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3.2 Phase space

To give a complete description of the state of a 3-dimensional N-particle system at
any given time it is necessary to specify the 3N coordinates and 3N momenta. The 6N
dimensional space of coordinates and momenta is called phase space (or I'-space). As time
progresses the phase point I', traces out a path which we call the phase space trajectory of the
system. As the equations of motion for I" are 6N first order differential equations, there are 6N
constants of integration (they may be for example the 6N initial conditions I'(0)). Rewriting the
equations of motion in terms of these constants shows that the trajectory of I' is completely
determined by specifying these 6N constants. An alternate description of the time evolution of
the system is given by the trajectory in the extended I'-space, where I'= (T',t). As the 6N
initial conditions uniquely determine the trajectory, two points in phase space with different

initial conditions form distinct non-intersecting trajectories in I" -space.

Phase Space

6N-dimensional I'-space

As time evolves the system traces out a trajectory in
6IN-dimensional I-space.

(X, (0,y,(0),Z,(0), ...Z(0,p, (1).p, (1), ... .p, (D) =T1(D)

y, I

Figure 3.2 Phase Space Trajectory

To illustrate the ideas of I'-space and l"'—space it is useful to consider one of the
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simplest mechanical systems, the harmonic oscillator. The Hamiltonian for the harmonic
oscillator is H = 1/5(kx2 + p2/m) where m is the mass of the oscillator and k is the spring

constant. The equations of motion are

. _ oH _ p
X = % = E
(3.2.1)
o _ _oH _ _
P = ox kx

and the energy (or the Hamiltonian) is a constant of the motion. The I"-space for this system is

2-dimensional (x,p) and the I'-space trajectory is given by

p
(X(®.p() = (x,C08 O + — = sin O, p,cos X - MaXsin o) (3.2.2)

ma@

0

The constants xg and py are the 2 integration constants written in this case as an initial
condition. The frequency wis related to the spring constant and mass by ®2 = k/m. The I'-

space trajectory is an ellipse,

mlo’x(®) + p® = mo>E + p? (3.2.3)

which intercepts the x-axis at *(Xo2 + pp2/m2m2)1/2, and the p-axis at *(pp2 + m2m®2x(2)1/2.
The period of the motion is T = 21w/® = 27(m/k)1/2. This is the surface of constant energy for
the harmonic oscillator. Any oscillator with the same energy must traverse the same I'-space
trajectory, that is another oscillator with the same energy, but different initial starting points

(x0,po) Will follow the same ellipse but with a different initial phase angle.

The trajectory in F'—space is a elliptical coil, and the constant energy surface in I"'-
space is a elliptical cylinder, and oscillators with the same energy start from different points on
the ellipse at time zero (corresponding to different initial phase angles), and wind around the
elliptical cylinder. The trajectories in l"'—space are non-intersecting. If two trajectories in r-
space meet at time t, then the two trajectories must have had the same initial condition. As the

choice of time origin is arbitrary, the trajectories must be the same for all time.

In I'-space the situation is somewhat different. The trajectory for the harmonic
oscillator winds around the ellipse, returning to its initial phase point (xq, po) after a time T.
The period of time taken for a system to return to (or to within an €-neighbourhood of) its initial
starting phase is called the Poincaré recurrence time. For a simple system such as the harmonic
oscillator the recurrence time is trivial to calculate, but for higher dimensional systems the

recurrence time quickly exceeds the estimated age of the universe.
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3.3 Distribution functions and the Liouville equation

In the first few sections of this chapter we have given a description of the mechanics
of individual N-particle systems. The development which follows describes an ensemble of
such systems; that is an essentially infinite number of systems characterised by identical
dynamics and identical state variables (N,V,E or T etc.) but different initial conditions, (I'(0)).
We wish to consider the average behaviour of a collection of macroscopically identical systems
distributed over a range of initial states (microstates). In generating the ensemble we make the
usual assumptions of classical mechanics. We assume that it is possible to know all the
positions and momenta of an N particle system to arbitrary precision at some initial time, and

that the motion can be calculated exactly from the equations of motion.

The ensemble contains an infinite number of individual systems so that the number
of systems in a particular state may be considered to change continuously as we pass to
neighbouring states. This assumption allows us to define a density function f(I",t), which
assigns a probability to points in phase space. Implicit in this assumption is the requirement that
f(T',t), has continuous partial derivatives with respect to all its variables, otherwise the phase
density will not change continuously as we move to neighbouring states. If the system is
Hamiltonian and all trajectories are confined to the energy surface then f(I',t) will not have a
continuous partial derivatives with respect to energy. Problems associated with this particular
source of discontinuity can obviously be avoided by eliminating the energy as a variable, and
considering f(I',t) to be a density function defined on a surface of constant energy (effectively
reducing the dimensionality of the system). However it is worth pointing out that other sources

of discontinuity in the phase space density, may not be so easily removed.

To define a distribution function for a particular system we consider an ensemble of
identical systems whose initial conditions span the phase space specified by the macroscopic
constraints. We consider an infinitesimal element of phase space located at q, p =I". The
fraction of systems 0N, which at time t have coordinates and momenta within dq, dp of q, p is

used to define the phase space distribution function f(q,p,t), by
ON = f(q,p.t) &q Op. (3.3.1)

The total number of systems in the ensemble is fixed, so integrating over the whole phase space

we can normalise the distribution function,
1 = Jf(q,p,t) dq dp. (3.3.2)

If we consider a small volume element of phase space, the number of trajectories
entering the rectangular volume element dq dp through some face will in general be different

from the number which leave through an opposite face. For the faces normal to the q-axis,
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located at q;, and q;+ 0q, the fraction of ensemble members entering the first face is
fq,---) q,(q-...) 8q,.... dq,, dp.
Similarly the fraction of points leaving through the second face is

fq, + 8q,....) q,(q, + dq,.....) 3q,.... 8q, Op

= {f(ql,----) + aaTlflSqlJ(ql(ql,....) + lﬁqu 6q2 8q3N op

Combining these expressions gives the change in 0N due to fluxes in the q; direction

a.
d _ o |.oof L %%
3 5qu = [ql %, + faql] 3q p. (3.3.3)

Summing over all coordinate (and momentum) directions gives the total fractional change ON as

N J . o . )
d _ Vo i+ 7.pi ',i '.aif
don = -Z{f[aqi op. J PGy R api} 8q 8p. (3.3.4)

i=1

Dividing through by the phase space volume element 6q dp we obtain the rate of change in
density f(q,p), at the point (q,p),

1 Ay 2 a8V o (3.3.5)
8q &p dt ot Sq dp ot ap
Using the notation, I' = (q,p) = (q1, 92, -..... d3N> Pls P2y «veee- p3n) for the 6N-dimensional

phase point, this may be written as

o | - _fd.r . r.of —_9 .
o - faT_r r o =F (I 1). (3.3.6)

This is the Liouville equation for the phase space distribution function. Using the streaming or
total time derivative of the distribution function, we can rewrite the Liouville equation in an

equivalent form as,

df = af oi = - ic = -
T + I T far r fA). (3.3.7)

This equation has been obtained without reference to the equations of motion. Its correctness
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does not require the existence of a Hamiltonian to generate the equations of motion. The
equation rests on two conditions: that ensemble members cannot be created or destroyed and
that the distribution function is sufficiently smooth that the appropriate derivatives exist. A(I")
is called the phase space compression factor since it is equal to the negative time derivative of

the logarithm of the phase space distribution function.

iln[f(l",t)] = -AM) (3.3.8)

The Liouville equation is usually written in a slightly simpler form. If the equations
of motion can be generated from a Hamiltonian, then it is a simple matter to show that A(T") =0.
This is so even in the presence of external fields which may be driving the system away from

equilibrium by performing work on the system.

: f
AT) = ZLaTi'qi * api.pi) = Zkaqi op, 9p. 9q,|=0. (339

i=1 i

N(9 . 9 N (9 9H 8.8H}
=1

The existence of a Hamiltonian is a sufficient, but not necessary condition for the phase space
compression factor to vanish. If phase space is incompressible then the Liouville equation takes

on its simplest form,

daf _
i = O (3.3.10)

Time Evolution of the distribution function

The following sections will be devoted to developing a formal operator algebra for
manipulating the distribution function and averages of mechanical phase variables. This
development is an extension of the treatment given by Berne (1977) which is applicable to

Hamiltonian systems only. We will use the compact operator notation

)

J - .
o _ GLf = -([ar'r] + F-aal_.Jf (3.3.11)

ot

for the Liouville equation, equation (3.3.6). The operator iL is called the distribution function
(or f-) Liouvillean. Both the distribution function f, and the f-Liouvillean are functions of the
initial phase I'. We assume that there is no explicit time dependence in the equations of motion
(time varying external fields will be treated in Chapter 8). Using this notation we can write the

formal solution of the Liouville equation for the time dependent N-particle distribution function
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f(t) as

f(T,0 = exp(-iLt) fT,0), (3.3.12)

where f(0), is the initial distribution function. This representation for the distribution function
contains the exponential of an operator, which is a symbolic representation for the infinite series

of operators. The f-propagator is defined as,

= o
exp(-iLt) = (n—')

n=0

GL)" (3.3.13)

The formal solution given above can therefore be written as

fty = 2 (n? (L)" f(0) = Z ;—n, g— f(0). (3.3.14)
n=0

This form makes it clear that the formal solution derived above is the Taylor series expansion of
the explicit time dependence of f(I',t), about f(I',0).

Time Evolution of phase variables

We will need to consider the time evolution of functions of the phase of the system.
Such functions are called phase variables. An example would be the phase variable for the
internal energy of a system, Ho = Zi pi2/2m + ®(q) = Ho(T'). Phase variables by definition, do
not depend on time explicitly, their time dependence comes solely from the time dependence of
the phase I'. Using the chain rule, the equation of motion for an arbitrary phase variable B(I')

can be written as

{qi. 8?1 - + b aij BT) = iLD)BM). (3.3.15)

. _..a B
B(l")-l"al_,B_Z

N
i=1
The operator associated with the time derivative of a phase variable iL(I") is referred to as the
phase variable (or p-) Liouvillean. The formal solution of this equation can be written in terms

of the p-propagator, eilt. This gives the value of the phase variable as a function of time

B(t) = exp(iLt) B(0). (3.3.16)

This expression is very similar in form to that for the distribution function. It is the Taylor series
expansion of the total time dependence of B(t), expanded about B(0). If the phase space
compression factor A(T') is identically zero then the p-Liouvillean is equal to the f-Liouvillean,

and the p-propagator is simply the adjoint or Hermitian conjugate of the f-propagator. In general
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this 1s not the case.

Properties of Liouville Operators

In this section we will derive some of the more important properties of the Liouville
operators. These will lead us naturally to a discussion of various representations of the
properties of classical systems. The first property we shall discuss relates the p-Liouvillean to

the f-Liouvillean as follows,

_[dr £(0) iL B(T") = -jdl" B(T) il f(0) (3.3.17)

This is true for an arbitrary distribution function f(0). To prove this identity the LHS can be

written as

.0 |
J.dl" (D) T -9 B(D) (1) T B Jdl" B(T) 0 9 [t T

. Jdl" B(F)[F- aa Jf(l")

- - Jdl‘ B(T)iL (). (3.3.18)

The boundary term (or surface integral) is zero because f(0) — 0 as any component of the
momentum goes to infinity, and f(0) can be taken to be periodic in all coordinates. If the
coordinate space for the system is bounded then the surface S is the system boundary, and the

surface integral is again zero as there can be no flow through the boundary.
Equations (3.3.17 & 18) show that L, L are adjoint operators. If the equations of
motion are such that the phase space compression factor, (3.3.8), is identically zero, then

obviously L=L and the Liouville operator is self-adjoint, or Hermitian.

Schrodinger and Heisenberg Representations

We can calculate the value of a phase variable B(t) at time t by following B as it
changes along a single trajectory in phase space. The average < B(I'(t)) > can then be calculated
by summing the values of B(t) with a weighting factor determined by the probability of starting
from each initial phase I". These probabilities are chosen from an initial distribution function

f(I",0). This is the Heisenberg picture of phase space averages.

<B@t)> = J.dl" B(t) f(T') = J.dl" f(I') exp(iLt) B(I) (3.3.19)
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The Heisenberg picture is exactly analogous to the Lagrangian formulation of fluid mechanics;
we can imagine that the phase space mass point has a differential box dI" surrounding it which
changes shape (and volume for a compressible fluid) with time as the phase point follows its
trajectory. The probability of the differential element, or mass f(I')dI" remains constant, but the

value of the observable changes implicitly in time.

The second view is the Schrodinger, or distribution based picture.

The Schrodinger-Heisenberg

Equivalence

The Heisenberg Picture

B = iL(I) B()

S

B(I'(0)) B(I'(1)

It

e ........»
.........»

/ \Ar(t)

AT(0)
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The Schrodinger Picture

MTY _ -9 o
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) ~
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-
|
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Figure 3.3 The Schrodinger-Heisenberg Equivalence

In this case we note that < B(t) > can be calculated by sitting at a particular point in phase space
and calculating the density of ensemble points as a function of time. This will give us the time
dependent N-particle distribution function f(I',t). The average of B can now be calculated by
summing the values of B(I') but weighting these values by the current value of the distribution
function at that place in phase space. Just as in the Eulerian formulation of fluid mechanics, the
observable takes on a fixed value B(T") for all time, while mass points with different probability

flow through the box.

<B@Mt)> = Jdl‘ BT) f(Tt) = Jdl" B(T) exp( -ilt) f(T',0) (3.3.20)

The average value of B changes with time as the distribution function changes. The average of
B is computed by multiplying the value of B(I"), by the probability of find the phase point I" at
time t, that is f(T,t).

As we have just seen these two pictures are of course equivalent. One can also prove
their equivalence using the Liouville equation. This proof is obtained by successive integrations

by parts, or equivalently by repeated applications of equation (3.3.17). Consider
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Jdl‘ fI) Bt = jdl" f(T") exp(iLt) B(ID

- s _[dr fT) (iLY" B(T)
n=0

(o) . a n
1 L0 3.321
=y L Jdl" f(l")[tr ar] B(). (.321)

n=0
One can unroll each p-Liouvillean in turn from the phase variable to the distribution function

(for the first transfer we consider (iL)n-1 B to be a composite phase variable) so that equation
(3.3.21) becomes,

_ ; 1 for a2 ) [tr.grj“' B(T)

This is essentially the property of phase and distribution function Liouvilleans which we have

already proved, applied to nth Liouvillean. Repeated application of this result leads to

n

= 2 (_,) fdr [(i.i" ) £ ] B = _[dl" B(I) exp(-iLt) f(T)
n=0 ’ or

So finally we have the result,

J.dl" f(I) B(t) = J.dl’ BT) f(T,t) (3.3.22)

The derivation we have used assumes that the Liouvillean for the system has no explicit time
dependence. (In Chapter 8 we will extend the derivation of these and other results to the time
dependent case.) Our present derivation make no other references to the details of either the
initial distribution function, or the equations of motion for the system. This means that these
results are valid for systems subject to time independent external fields, whether or not those
equations are derivable from an Hamiltonian. These results are also independent of whether or

not the the phase space compression factor vanishes identically .

A final point that can be made concerning the Schrodinger and Heisenberg pictures is
that these two ways of computing phase averages by no means exhaust the range of
possibilities. The Schrodinger and Heisenberg pictures differ in terms of the time chosen to
calculate the distribution function, f(T',t). In the Heisenberg picture that time is zero while in the
Schrodinger picture the time is t. One can of course develop intermediate representations

corresponding any time between 0 and t (eg. the interaction representation).
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3.4 Ergodicity, Mixing and Lyapunov exponents

For many systems it is apparent that after possible initial transients lasting a time t,
the N particle distribution function f(I',t), becomes essentially time independent. This is
evidenced by the fact that the macroscopic properties of the system relax to fixed average
values. This obviously happens for equilibrium systems. It also occurs in some nonequilibrium

systems, so-called nonequilibrium steady states. We will call all such systems stationary.

For a stationary system, we may define the ensemble average of a phase variable

B(T'), using the stationary distribution function f(I'), so that

<B> = Jdl" fT) B(D). (3.4.1)

On the other hand we may define a time average of the same phase variable as,

t0+T
<B> = lim % Jdt B(1) (3.42)

T t
0

where t( is the relaxation time required for the establishment of the stationary state. An ergodic
system is a stationary system for which the ensemble and time averages of usual phase
variables, exist and are equal. By usual we mean phase variable representations of the common

macroscopic thermodynamic variables (see §3.7).

It is commonly believed that all realistic nonlinear many body systems are ergodic.

Example
We can give a simple example of ergodic flow if we take the energy surface to be the

two-dimensional unit square O<p<1 and 0<q<1. We shall assume that the equations of motion

are given by

P = o q = 1 (3.4.3)

and we impose periodic boundary conditions on the system. These equations of motion can be

solved to give

p(t)
q(t)

p, + ot
(3.4.4)

q0+t

The phase space trajectory on the energy surface is given by eliminating t from these two
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equations

p = p, + a(@-qy) (3.4.5)

If o is a rational number, o0 =m/n, then the trajectory will be periodic and will repeat after a
period T=n. If o is irrational, then the trajectory will be dense on the unit square but will not fill
it. When o is irrational the system is ergodic. To show this explicitly consider the Fourier series

expansion of an arbitrary phase function A(q,p),

oo

A(qQp) = 2 Ajk exp(2mi(jq + kp)) (3.4.6)
j k=-c0

We wish to show that the time average and phase average of A(q,p) are equal for o irrational.

The time average is given by

t0+T
<A>t = lim J dt Z Ajk exp( 2ni[j(q0+t)+k(p0+0ct)])

T—oo i k=-oo0
to E

1 2 [j(qy o) (pgroit)] eZﬂ:i(j+ock)T )
= Ag+ lim o D oA e LR B
T 0 2mi(j+ok)

For irrational o, the denominator can never be equal to zero, therefore

<A> = Ay (3.4.8)

Similarly we can show that the phase space average of A is

1 1
<A>qp = J.dq Jdp A(Q,p) = Aoo (3.49)
0 0

and hence the system is ergodic. For rational o the denominator in (3.4.7) does become
singular for a particular jk-mode. The system is in the pure state labelled by jk. There is no

mixing.

Ergodicity does not guarantee the relaxation of a system toward a stationary state.
Consider a probability density which is not constant over the unit square, for example let

f(q,p,t=0) be given by

f(q,p,0) = sin(npo) sin(nqo), (3.4.10)
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then at time t, under the above dynamics (with irrational o), it it will be

f(q,p,t) = sin(n(p,-ot)) sin(r(q,-t)). (3.4.11)

The probability distribution is not changed in shape, it is only displaced. It has also not relaxed
to a time independent equilibrium distribution function. However after an infinite length of time
it will have wandered uniformly over the entire energy surface. It is therefore ergodic but it is

termed nonmixing.

It is often easier to show that a system is not ergodic, rather than to show that it is
ergodic. For example the phase space of a system must be metrically transitive for it to be
ergodic. That is, all of phase space, except possibly a set of measure zero, must be accessible to
almost all the trajectories of the system. The reference to almost all, is because of the
possibility that a set of initial starting states of measure zero, may remain forever within a
subspace of phase space which is itself of measure zero. Ignoring the more pathological cases,
if it is possible to divide phase space into two (or more) finite regions of nonzero measure, so
that trajectories initially in a particular region remain there forever, then the system is not
ergodic. A typical example would be a system in which a particle was trapped in a certain region

of configuration space. Later we shall see examples of this specific type.

Lyapunov Exponents

If we consider two harmonic oscillators (see §3.2) which have the same frequency ®
but different initial conditions (x;,p1) and (x;,p2), we can define the distance between the two

phase points by

1 2
d = lltll =@ = J(xz—xl)2+(%pl) (3.4.10)

m2 (1)2

Using the equation for the trajectory of the harmonic oscillator (3.2.2), we see that as a function

of time this distance is given by

2
(p,(O-p,(®)
d@® = J (Xz(t)-xl(t))2+2m2w§ = d(0) (3.4.11)

where xi(t) and pj(t) are the position and momenta of oscillator i, at time t. This means that the
trajectories of two independent harmonic oscillators always remain the same distance apart in in

I"-space.
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This is not the typical behaviour of nonlinear systems. The neighbouring
trajectories of most N-body nonlinear systems tend to drift apart with time. Indeed it is clear that
if a system is to be mixing then the separation of neighbouring trajectories is a precondition.
Weakly coupled harmonic oscillators are an exceptions to the generally observed trajectory
separation. This was a cause of some concern in the earliest dynamical simulations (Fermi,
Pasta & Ulam, 1955).

As the separation between neighbouring trajectories can be easily calculated in a
classical mechanical simulation, this has been used to obtain quantitative measures of the mixing
properties of nonlinear many-body systems. If we consider two N-body systems composed of
particles which interact via identical sets of interparticle forces, but whose initial conditions

differ by a small amount, then the phase space separation is observed change exponentially as

2
d® = \/ T, - T,0f - ¢ exp(Ab). (3.4.12)

At intermediate times the exponential growth of d(t) will be dominated by the fastest growing
direction in phase space (which in general will change continuously with time). This equation
defines the largest Lyapunov exponent Afor the system (by convention A is defined to be real,
so any oscillating part of the trajectory separation is ignored). For the harmonic oscillator the
phase separation is a constant of the motion and therefore the Lyapunov exponent A, is zero. In
practical applications this exponential separation for an N particle system continues until it
approaches a limit imposed by the externally imposed boundary conditions - the container walls,
or the energy, or other thermodynamic constraints on the system (§ 7.8). If the system has
energy as a constant of the motion then the maximum separation is the maximum distance
between two points on the energy hypersphere. This depends upon the value of the energy and

the dimension of the phase space.

The largest Lyapunov exponent indicates the rate of growth of trajectory separation
in phase space. If we consider a third phase point I'3(t), which is constrained such that the
vector between I'y and I'; is always orthogonal to the vector between I'| and I';, then we can
follow the rate of change of a two dimensional area in phase space. We can use these two

directions to define an area element V(t), and rate of change of the volume element is given by

vV, = V,(0) exp([k1 + kz]t) (3.4.13)

As we already know the value of A, this defines the second largest Lyapunov exponent A,. In
a similar way, if we construct a third phase space vector I'j4(t) which is constrained to be
orthogonal to both I'j»(t) and I'3(t), then we can follow the rate of change of a three

dimensional volume element V3(t) and calculate the third largest exponent A3;
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V,® = V,0) exp ([7»1 + 7»2 + k3]t) (3.4.14)

This construction can be generalised to calculate the full spectrum of Lyapunov
exponents for an N particle system. We consider the trajectory I'(t) of a dynamical system in
phase space and study the convergence or divergence of neighbouring trajectories by taking a
set of basis vectors (tangent vectors) in phase space {81,0,,83.....}, where &;= I';-T’y. Some
care must be exercised in forming the set of basis vectors to ensure that the full dimension of
phase space is spanned by the basis set, and that the basis set is minimal. This simply means
that constants of the motion must be considered when calculating the dimension of accessible

phase space. If the equation of motion for a trajectory is of the form
I = GI) (3.4.15)
then the equation of motion for the tangent vector &; is

3. = FM = TD)-3 + 0@) (3.4.16)

1

Here T(T) is the Jacobian matrix (or stability matrix d G/dI’) for the system. If the magnitude of
the tangent vector is small enough the nonlinear terms in equation (3.4.16) can be neglected.

The formal solution of this equation is

t
Si(t) = exp[st T(s)] Si(O) (3.4.17)
0

The mean exponential rate of growth of the ith tangent vector, gives the ith Lyapunov exponent

'K XO)
A.(T@©0).,8.(0) = lLm — In —
' ! o U 18,0)

(3.4.18)

The existence of the limit is ensured by the multiplicative ergodic theorem of Oseledec [1968]
(see also Eckmann and Ruelle [1985]). The Lyapunov exponents can be ordered A; > A, >....
> A and if the system is ergodic, the exponents are independent of the initial phase I'(0) and

the initial phase space separation §;(0).

If we consider the volume element V y where N is the dimension of phase space then
we can show that the phase space compression factor gives the rate of change of phase space

volume, and that this is simply related to the sum of the Lyapunov exponents by
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. 9 N
v, = <ar-1">vN = (; A ) Vy (3.4.19)

For a Hamiltonian system, the phase space compression factor is identically zero, so the phase
space volume is conserved. This is a simple consequence of Liouville's theorem. From equation
(3.4.19) it follows that the sum of the Lyapunov exponents is also equal to zero. If the system
is time reversible then the Lyapunov exponents occur in pairs (-A;,A;). This ensures that d(t),
Vi(t), Vi(t), etc. change at the same rate with both forward and backward time evolution. It is
generally believed that it is necessary to have at least one positive Lyapunov exponent for the
system to be mixing. In chapters 7 and 10 we will return to consider Lyapunov exponents in

both equilibrium and nonequilibrium systems.
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3.5 Equilibrium Time Correlation Functions

We shall often refer to averages over equilibrium distribution functions f (we use
the subscript zero to denote equilibrium, which should not be confused with f(0), a distribution
function at t=0). Distribution functions are called equilibrium if they pertain to steady,
unperturbed equations of motion and they have no explicit time dependence. An equilibrium

distribution function satisfies a Liouville equation of the form

%% - JiLf. = 0 3.5.1)

This implies that the equilibrium average of any phase variable is a stationary quantity. That is,

for an arbitrary phase variable B,

d d :
5< B(t) >, = dtJ‘dl" f, () exp(Lt) B(T')

J.dl" f, gtexp(iLt) BT

Jdl" f, iLexp(iLt) B(T)

-Jdl" [iL £,(T)] exp(Lt) B(I) = 0 (3.5.2)

We will often need to calculate the equilibrium time correlation function of a phase
variable A with another phase variable B at some other time. We define the equilibrium time

correlation function of A and B by

C oD sj drf,B ¢"A =< A® B >, (3.5.3)

B* denotes the complex conjugate of the phase variable B. Sometimes we will refer to the
autocorrelation function of a phase variable A. If this variable is real one can form a simple

graphical representation of how one calculates such functions (see Figure 3.4).
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Al : \\
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N A = At
t,  t+At . t) tr+At
time

N‘E
<AOAAD) >= 1> AAUFAY 10,12, ...

Ti=1
for samples in the sum to be independent,t should be chosen so that,

< A(D)A®R) > << < A(0P>

Equilibrium time auto-correlation
function of a real variable A.

Figure 3.4

Because the averages are to be taken over a stationary equilibrium distribution
function, time correlation functions are only sensitive to time difference between which A and B
are evaluated. C op(t) is independent of the particular choice of the time origin. If 1L generates
the distribution function fy, then the propagator exp(-iLt) preserves fo. (The converse is not

necessarily true.) To be more explicit fo(t;) = exp(-iLty) fo = fo, so that Cap(t) becomes

* Lt * gt
C, 0 = Jdl"fOB eA =Jdl"f0(t1)B e™A

= | dr (expl-iLt,1f,) B exp[iLt] A

= [ a0 £, (expliLe, IB") (expliL(t+e,)] A

o

_ [ar £, Att,+B (t) (3.5.4)

In deriving the last form of (3.5.4) we have used the important fact that since iL=dI"/dted/oT"
and the equations of motion are real it follows that L is pure imaginary. Thus, (iL)*=iL and
(eiLt)*= eiLt, Comparing (3.5.4) with the definition of C 5g(t), above we see that the equilibrium
time correlation function is independent of the choice of time origin. It is solely a function of the
difference in time of the two arguments, A and B. A further identity follows from this result if

we choose t; to be -t. We find that

C, 50 =<AM®OB (0)>, =<A(0)B (-)>, (3.5.5)
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So that,

C,z(0=<A B(-y)>=Cg,(-1) (3.5.6)
or using the notation of section 3.3,
* Lt ' AL (f B*\*
JdeOB N JdrAe B
_ Udl" f, Ae'iLtB*}
- Jdl" f, A" e B. (3.5.7)

The second equality in equation (3.5.7) follows by expanding the operator exp(-iLt) and
repeatedly applying the identity

o # ) ( # ) * ( ) *
ire(f, B = a%-LFfOBJ - B ;T-eroj 4 for.airs

B iLf, + f iLB

fO il

The term iL fj is zero from equation (3.5.1).

Over the scalar product defined by equation (3.5.3), L is an Hermitian operator. The

Hermitian adjoint of L denoted, Lt can be defined by the equation,
T * .
[J-dl"fOB e A] Ede‘fOA exp[ -iL t] B (3.5.8)

Comparing (3.5.8) with (3.5.7) we see two things: we see that the Liouville operator L is self
adjoint or Hermitian (L=L"); and therefore the propagator eilLt, is unitary. This result stands

in contrast to those of §3.3, for arbitrary distribution functions.

We can use the autocorrelation function of A to define a norm in Liouville space.

This length or norm of a phase variable A, is defined by the equation,
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AP

jdl" £, AT) A'(T) = jdl" £, IAD) P

<IAT) P > 20 (3.5.9)

We can see immediately that the norm of any phase variable is time independent because

Il At I

[ar £, A® A'()
= [ar £, (expLt) A(D))(explLy) A'(T))

= .dl" f, exp(iLy (A(F) A*(F))

= [ar (exp(iL 1) f,) Al = Il A) I§ (3.5.10)

The propagator is said to be norm preserving. This is a direct result of the fact that the

propagator is a unitary operator. The propagator can be thought of as a rotation operator in
Liouville space.

The propagator is norm preserving.

A(t) = eMA

Note: <B>, = [dI'f B

r(t)

<At 12

= 10) A0) =e™A = A

/

Figure 3.5

A phase variable whose norm is unity is said to be normalised. The scalar product, (A,B*) of

two phase variables A,B is simply the equilibrium average of A and B* namely <AB*>(. The
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norm of a phase variable is simply the scalar product of the variable with itself. The
autocorrelation function C p 4 (t) has a zero time value which is equal to the norm of A. The
propagator increases the angle between A* and A(t), and the scalar product which is the
projection of A(t) along A*, therefore decreases. The autocorrelation function of a given phase

variable therefore measures the rate at which the 6N-dimensional rotation occurs.

We will now derive some relations for the time derivatives of time correlation

functions. It is easy to see that

d d . )
4 Cap® = dt'[dr £, (exp(Lt) AT)) B'(I)

Jdl" f, (iL exp(Lt) AT)) BT = C (1 (3.5.11)
AB

ilt * J ° *
; J.dl" (e A)L(fB)=- J.dl" A= (TtB)
or

- J.dl" £, (exp(Lt) A(D)) iL B'(T)

; Jdl" £, (exp(iLy AT)) B (D)

-C (b (3.5.12)
AB
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3.6 Operator Identities

In this section we develop the operator algebra that we will need to manipulate
expressions containing Liouvilleans and their associated propagators. Most of the identities
which we obtain are valid for arbitrary time independent operators. Thus far we have been
dealing with propagators in the time domain. For many problems it is more useful to consider
their frequency dependent Laplace, or Fourier-Laplace, transforms. A useful mathematical
object is the Laplace transform of the propagator. This is called the resolvent. The resolvent is

an operator in the domain of the Laplace transform variable s,
G(s) = Jdt e (3.6.1)

Our first operator identity is obtained by considering two arbitrary operators A and B,

1

(A+B)! = AT - ATB(A+B)! (3.6.2)

This identity is easily verified by operating from the right-hand side of this equation with (A +
B), so

(A+B)'(A+B) = [A' - A'B(A+B)'] (A+B)

Alca+B) - A'B

Ata+ra'B-A'B =1 (3.6.3)

The operator expression (A+B)-1 is the inverse of the operator (A+B). To interpret an operator

inverse of (A+B)-1, we use the series expansion
(1+AY" = D) (-A) (3.6.4)
n=0

First we prove that the right-hand side of this expression is indeed the inverse of the operator
(I+A). To do this consider

i (-A)' (1+A) = i (-A)" - i(-A)“ =1 (3.6.5)
n=0 n=0 n=1

so that this series expansion allows us to represent the inverse of (I+A) in terms of an infinite
series of products of the operator A.
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The Dyson Decomposition of Propagators

Now we can investigate the Laplace transform (or resolvent) of the exponential of an operator in

more detail. We use the expansion of the exponential to show that

st -At -st N (_)n n n N (_)n n n -st
dde e = |dte At = ' A |dtt e
0 0

0 n=0 n' n=0 n:
! 1 -1
= 2 @ = = —(1+2) = (s+A) (3.6.6)
n=0 S

This means that the resolvent of the operator, e-At, is simply (s+A)-1. We can now consider the
resolvent derived from the operator A+B, and using the first identity above, relate this resolvent

to the resolvent of A. We can write
(s+A+B)" = (s+A)" - (s+A)' B (s+A+B)’ (3.6.7)

Substituting the Laplace integrals for the operators (s+A)-1 and (s+A+B)-! into this equation

gives

oo oo

st A+B)t -st -At -St At sty -(A+B)t
Idtes e{+) = Jdteb e - Jdtle ]e IBJdtze e 2

t

- - -At -(A+B)(t-t,)
- jdtest {en . jdt1 e 'Be "1 Ges)
0 0

As the equality holds for all values of s, the integrands must be equal, so

t
) i -At (A+B)(t-t,)
OB A Jdtl e 'Be ! (3.6.9)
0

This result is a very important step towards understanding the relationship between different
propagators and is referred to as the Dyson decomposition when applied to propagators
(Dyson, 1949). The derivation that we have used here is only valid if both of the operators A
and B have no explicit time dependence. (We consider the time dependent case in Chapter 8.) If
we consider the propagators exp((A+B)t) and exp(At), then a second Dyson decomposition can
be obtained:
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t
At (A+B)(t-t,)
BB At Jdtl e 'Be ! (3.6.10)
0

It is handy to use a graphical shorthand for the Dyson equation. Using this shorthand

notation these two equations become,
E = ¢« - & (4-0) ¢ (3.6.11)

and

= = = + = (¢-0-> (3.6.12)

The diamond ¢ denotes the (A+B)-Liouvillean and the circle o denotes the A-Liouvillean; the
arrows < and = denote the propagators exp(-i(A+B)t) and exp(i(A+B)t) respectively, while
« and — denote exp(-At) and exp(At) respectively. An n-1 fold convolution is implied by a

chain of n arrows.

As an example of the application of this result, consider the case where B is a small
perturbation to the operator A. In this case the Dyson decomposition gives the full (A+B)-
propagator as the sum of the unperturbed A-propagator plus a correction term. One often faces
the situation where we want to compare the operation of different propagators on either a phase
variable or a distribution function. For example one might like to know the difference between
the value of a phase variable A(T") propagated under the combined influence of the N-particle
interactions and an applied external field F,, with the value the phase variable might take at the

same time in the absence of the external field. In that case (Evans and Morriss, 1984a)

A(tFe) = A
= [—> + 2 (¢-00>+> (¢-0)>(¢-0)—>
+ >(¢-0)>(¢-0)>(¢-0—>

+ 2>(¢-0)>(¢-0>(¢-0—>(¢-0—>

T e ] A
Therefore we can write,
s n
= AT) = Z S>[(e-00>] AD (3.6.13)
n=0

This equation is of limited usefulness because in general, ¢ and —, do not commute. This
means that the Liouvillean frequently represented by ¢, is locked inside a convolution chain of
propagators with which it does not commute. A more useful expression can be derived from

(3.6.12) by realising that & commutes with its own propagator namely, = . Similarly o
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commutes with its own propagator, —. We can 'unlock' the respective Liouvilleans from the

chain in (3.6.12) by writing,

= = 5 4+ 6D - =50 (3.6.14)

We can recursively substitute for =, yielding,

= = 2 + o> - --0
+ 4655 -2659550 + 9500

+ e
(3.6.15)
Now it is easy to show that,
(—=)n+l = (tn/n!) — (3.6.16)
Thus (3.6.15) can be written as,
= ={l +t(e-0)+ (22))(¢o-2¢0+ 00)
+(t3/3)(¢oe-3¢400+ 3000 -000)
+ -
(3.6.17)

This equation was first derived by Evans and Morriss (1984a). Its utility arises from the fact
that by 'unrolling' the Liouville operators to the left and the propagator to the right, explicit
formulae for the expansion can usually be derived. A limitation of the formula is that successive
terms on the right hand side do not constitute a power series expansion of the difference in the
two propagators in powers of the difference between the respective Liouvilleans. To be more
explicit, the term, (t3/3!) (¢ ¢ ¢ -3 46 0 + 3 400 - 00 0)is not in general of order (¢ -
0)3.

Campbell-Baker-Hausdorff Theorem

If A and B are noncommuting operators then the operator expression exp(A)

exp(B) can be written in the form exp(C) where C is given by

C = A+B + ;[A,B] + 112 [[A,B],B] + [[B,A],A]} + ... (3.6.18)
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The notation [ , ] is the usual Quantum Mechanical commutator. A rearrangement of this
expansion, known as the Magnus expansion is well known to quantum theorists (Magnus,
1954). Any finite truncation of the Magnus expansion for the time displacement operator, gives
a unitary time displacement operator approximation (Pechukas and Light, 1966). This result has
not proved as useful for nonequilibrium statistical mechanics as it is for quantum theory. We

give it here mainly for the sake of completeness.
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3.7 The Irving-Kirkwood Identification of Thermodynamic Fluxes

In Chapter 2 we gave a brief outline of the structure of macroscopic hydrodynamics.
We saw that given appropriate boundary conditions, it is possible to use the Navier-Stokes
equations to describe the resulting macroscopic flow patterns. In this chapter we began the
microscopic description of nonequilibrium systems using the Liouville equation. We will now
follow a procedure first outlined by Irving and Kirkwood (1950), to derive microscopic
expressions for the thermodynamic forces and fluxes appearing in the phenomenological

equations of hydrodynamics.

In our treatment of the macroscopic equations we stressed the role played by the
densities of conserved quantities. Our first task here will be to define microscopic expressions
for the local densities of mass, momentum and energy. If the mass of the individual atoms in
our system is m then the mass per unit volume at a position r and time t can be obtained by
taking an appropriate average over the normalised N-particle distribution function f(I',t). To
specify that the particles should be at the macroscopic position r, we will use a macroscopic
delta function, d(r-r;). This macroscopic delta function is zero if atom i is outside some
microscopic volume 8V it is a constant if atom i is inside this volume (J is a smeared out
version of the usual point delta function). We will assume that particle dynamics are given by
field-free Newtonian equations of motion. The value of the constant is determined from the

normalisation condition,

J.dr or) = 1 (3.7.1)
\

The volume V is envisioned to be infinitesimal on a macroscopic scale.

The mass density p(r,t) can be calculated from the following average,

) fdl" fTH Y, mdr-r)

J.dl" (.00 ) mr-r,(n)

< 2 m |r.(=r > (3.7.2)

The first line of this equation is a Schrodinger representation of the density while the second and
third lines are written in the Heisenberg representation. The equivalence of these two
representations is easily seen by 'unrolling' the propagator from the distribution function onto

the phase variable. Since r, is a constant, a nominated position it is unchanged by this
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'unrolling' procedure.

The momentum density, pu, and total energy density, pe, are defined in an

analogous manner.

p(r,t) u(r,t) Jdl" f(T,t) 2 mv, o(r - r)

J-dl" f(T,t) 2 P, B(r—ri)

< polro=r> (3.7.3)

_ 1 2 1
p(r,pert) = Jdl" £(T,1) [2vai + 2Z¢U’ ] 8r-r)
1 1,]
1 2 1
= <3 2 mvi() + 5 zj‘ 0,0 lx.(t=r > (3.7.4)
In these equations v; is the velocity of particle i, p; is its momentum, rj; = rj - rj, and we

assume that the total potential energy of the system, @ is pair-wise additive and can be written
as,

1
2%’% (3.7.5)

We arbitrarily assign one half of the potential energy to each of the two particles which

contribute ¢;; to the total potential energy of the system.

The conservation equations involve time derivatives of the averages of the densities

of conserved quantities. To begin, we will calculate the time derivative of the mass density.

aprt) [~ of(Tp
ot ddr ot Z‘ma(r‘ri)

__far Y mdr-r) iL T

= [ar f(T,1) iL Zmé(r— r)

b
= dI‘f(l"t)va- &;rr)

J0(-r,)
= -ddr f(r,t) val T

= —V-J-dl" f(T,t) vai 8(r—ri)

= -V [p@r,0) u,b] (3.7.6)
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The fifth equality follows using the delta function identity,

ddx-y) _ 0d(x-Yy)
ox R

We have shown that the time derivative of the mass density yields the mass continuity equation
(2.1.4) as expected. Strictly speaking therefore, we did not really need to define the momentum
density in equation (3.7.3), as given the mass density definition, the mass continuity equation
yields the momentum density expression. We will now use exactly the same procedure to

differentiate the momentum density.

dlpurt]  [,~ of(Ty
o = 'dl" o zi‘mvi S(r—ri)

=-|dr Z{mvi 5(r-ri) iL (Tt

= |dI’ f(T,t) iL Z‘mvi 6(r—ri)

= .dl" f(T,t) z [S(r—ri)iL my, + mv. il 8(r—ri)]
. : 8-,
= |dr £T,0 2{6@-1}) F, + mViVi'(arrrl)}. (3.7.7)

1

We have used Newtonian equations of motion for the Liouvillean iL.

dlp(rhurnl _ fdl" fry Y [8a-r)F, -

0
Jt r

ad

~mv.v, (r - ri)]

Jariwo Y sw-ryF, - 2. far e Y, myy, sy

If we consider the second term on the right-hand side then

% . J.dl" f(T 1) 2 mvy dr-r) = . <Z m(v (Du(r0)v, (O-u(r,0) | r(0=r >

9
or
d -

+ L <Z muryueylro=r>  (3.7.8)

In the final term in equation (3.7.8), u(r,t) is independent of the particle index and can be

factored outside the summation. The remaining summation is, using equation (3.7.2), simply

equal to the mass density p(r,t). Combining these results it follows that
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d [p(r.t) u(r,b]
ot

0
+ oo [p(r,t) u(r,t) u(r,t]

= J.dl" f[T,1) z O(r - r)F.

d
T <Z m(v.(H)-u(r,))(v,(O-u(r,t) | r(tH=r > (3.7.9)

We will now consider the first term on the right hand side of this equation in some detail.

_[dl" f(T",1) 2 o(r - r)F.

-J.dl" D Y, &) %q:j
i

i

) . 20..
= - |dT (T, 2 [S(r- r) a(EJ + O(r- rj) aql)..]l
ij i ]

]

1

X %, %%,
_ jddr f(T,t) ZJ/ [6(1‘— l'i) arij - O(r- rj) al‘lJ ]
1 “
- 1 far ey ;[S(r_ri) - &r-r)] arij (3.7.10)

Treating the macroscopic delta function as an analytic function, we may expand &(r - r;) as a

Taylor series about d(r - r;). This gives

0 O(r - r) 1 0° d(r-r)
S(r- r]) = S(r - ri) + rij'T + ?!rij I‘ij :T + ...
1 r]
00(r - r) 1 9 &r-r)
= 5(1'-1’1) - rij'T + ?rlj rij:T - .. (3711)

Thus the difference between the two delta functions is

86(r—ri) 1 9’ 6(r—ri)
S(r—ri) - S(r—rj) =T . ) r; rij:T +
r
_ d . )
= = r, Oij &(r r) (3.7.12)
where the operator Oy; is given by,
0 =1 1p.9 1[ a]n_1 3.7.13
i = - 2—!rij-a—r + ... + ar —rij-§ + ... (3.7.13)
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Using this equation for the difference of the two delta functions 6(r - r;) and 6(r - r;) leads to

IIpryuryl

0 ,Hu(r,t) ulr,t)]

8(1)1J
. r; Oij o(r - r) e

+

< 2 m(v,()-ur.)),O-uw,0) | ro=r> ] (3.7.14)

Comparing this equation with the momentum conservation equation (2.1.12) we see that the
pressure tensor is,

Pr,0) = < 2m(vi(t)-u(r,t))(vi(t)—u(r,t)) - % rij(t)Oij(t)Fij(t) |ri(t):r> (3.7.15)

ij
where Fj; = -d¢;;/dr; is the force on particle i due to particle j.

We will now use the same technique to calculate the microscopic expression for the

heat flux vector. The partial time derivative of the energy density is (from equation (3.7.4))

d [p(r,t) e(r,t)] [ 8 f(F,t) 1
S e [fz Sy f2¢u]8<r r)
= [ar fr,n {iL [ va + —E(I)IJ]}S(r r)

+ [ar 7T [%vai N ;2%] iL 3(r - 1)

= [ar f(rt)[va - 2[v-F +vF]] 3(r-r)

090
+ [ar f(T,9) [IZmV +f2q>lJ . (x-r)

1 r.
1

= far f(T,0) [EZVi-Fij [8(r-r) - 8 - )]
. -

%2 ¢1j] Vi 8(”})] (3.7.16)
L]

In the second term, the gradient operator d/dr is contracted into v;. Using our previous result
for the difference of two delta functions, equation (3.7.12), gives
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d [p(r,t) e(r,b)]

2 A J.dl" .o [ Zr 0, v/,

( va +L Z(])IJ) ] &(r-r,) (3.7.17)

From equation (2.1.24) we conclude that,

JQ(r,t) + P(r,t)y.u,t) + p(r,t)e(r,t) ur,t)

- jdl"f(l“,t) [%2 0, v F; + ( sz +*2¢ v, Jacr- r.) (3.7.18)
L]

Now the definition of the energy density, equation (3.7.4) gives

pr,bedur,t) = J.dl" £(T,t) [;—vaiz + %2 0, Jéa-ryuan,  (3.7.19
i i

so that,

J 0 + Py = Jdl‘ £y [-L Zr 0, v:F,

+ (52 mv? + 52 o), urn)]dEr) (3.7.20)
i i

Similarly, from the definition of the pressure tensor P(r,t) (see equation (3.7.15)), we know

that

P(r,t) u(r,t) = J.dl"f(l",t) [Zm(vi—u)(vi—u) ; %2 0, U]u r-r) (3.7.21)
i i,j

thus we identify the heat flux vector as,

J Q(1‘, t)

Jdl" f(T',t) [(1 va +— z q> )(V u - Zm(vi— u)(vi— u)-u
- Z r, (v-wF, O ] 8cr-r)
ij
Jdl" (o [ Amiev-w’ + v w + LY 0, (vi-w
i ij

i %Zrij (Vi- ll)'Fij Oij] S(r'ri)- (3.7.22)

From the definitions of the mass density and momentum density (equations (3.7.2) and (3.7.3))
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we find that

_[dl" f(T.1) Z(Vi—u) mu’ 8(r-r) = 0 (3.7.23)

so there is no contribution from the w2 term. Further, if we define the peculiar energy of

particle i to be

m 2 1
e = ?(Vi-u) + EZq)ij (3.7.24)
j

then the heat flux vector can be written as

Iy = Jdl" £(T.1) [Z (v-ue, - ;—Zrij (v,-w-F, 0] &r-r)

i,j

or,

Jg®0 = <D (v 0-u®)e®

LD 00,0 u) - F 00,0 | ro=r> (3.725)
1y
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3.8 Instantaneous Microscopic representation of Fluxes

The Irving-Kirkwood procedure has given us microscopic expressions for the
thermodynamic fluxes in terms of ensemble averages. At equilibrium in a uniform fluid, the
Irving-Kirkwood expression for the pressure tensor is the same expression as that derived using
Gibbs' ensemble theory for equilibrium statistical mechanics. If the fluid density is uniform in
space, the Oj; operator appearing in the above expressions reduces to unity. This is easier to see
if we calculate microscopic expressions for the fluxes in k-space rather than real space. In the

process we will better understand the nature of the Irving-Kirkwood expressions.

In this section we derive instantaneous expressions for the fluxes rather than the
ensemble based, Irving-Kirkwood expressions. The reason for considering instantaneous
expressions is two-fold. The fluxes are based upon conservation laws and these laws are valid
instantaneously for every member of the ensemble. They do not require ensemble averaging to
be true. Secondly, most computer simulation involves calculating system properties from a
single system trajectory. Ensemble averaging is almost never used because it is relatively
expensive in computer time. The ergodic hypothesis, that the result obtained by ensemble
averaging is equal to that obtained by time averaging the same property along a single phase
space trajectory, implies that one should be able to develop expressions for the fluxes which do
not require ensemble averaging. For this to be practically realisable it is clear that the mass,

momentum and energy densities must be definable at each instant along the trajectory.

We define the Fourier transform pair by
iker
f(k) = J.dr e f(r)

-iker

f(r) = b fuk e fk) (3.8.1)
@n)’

In the spirit of the Irving-Kirkwood procedure we define the instantaneous r-space mass density
to be,

p(r,t) = m d(r - r(v) (3.8.2)

M

i=1

where the explicit time dependence of p(r,t) (that is the time dependence differentiated by the
hydrodynamic derivative d/dt, with r fixed) is through the time dependence of r;(t). The k-space

instantaneous mass density is then
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p(k,t)

jdr XN‘ m3(r-r.m) e
i=1

N iker) (3.8.3)
= 2 me

i=1

We will usually allow the context to distinguish whether we are using ensemble averages or
instantaneous expressions. The time dependence of the mass density is solely through the time

dependence of rj, so that

N .
dp(k,t) . ik r,(0)
i = ik. vaie (3.8.4)

Comparing this with the Fourier transform of (2.1.4) (noting that d/dtlkin (3.8.4) corresponds
to d/dtly in (2.1.4)) we see that if we let J(r,t) = p(r,t)u(r,t) then,

N ik.r(t)
Jk,t) = vaie 1 (3.8.5)
i=1

This equation is clearly the instantaneous analogue of the Fourier transform of the Irving-
Kirkwood expression for the momentum density. There is no ensemble average required in

(3.8.4). To look at the instantaneous pressure tensor we only need to differentiate equation
(3.8.5) in time.

N . .
d J(k,t) . ik r (9 ik.r,(t)
G = 12-1 (ik.mv (Hv.(H) e +Fe ') (3.8.6)

We can write the second term on the right hand side of this equation in the form of the Fourier

transform of a divergence by noting that,

(3.8.7)

1
%
| —
.Mz
.MZ
e
=
o
1
%‘ =
=
-
(D —
=
s
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Combining (3.8.6) and (3.8.7) and performing an inverse Fourier transform we obtain the
instantaneous analogue of equation (3.7.15). We could of course continue the analysis of §3.7
to remove the streaming contribution from the pressure tensor but this is more laborious in k-
space than in real space and we will not give this here. We can use our instantaneous expression
for the pressure tensor to describe fluctuations in an equilibrium system. In this case the

streaming velocity is of course zero, and

ORI ik rit) | ke

N iKk.r(
_ R § e -
Pk.t) = ;:1 mv OV (D ) r (OF (0 e (3.8.8)

The k-space analysis given provided a better understanding of the Irving-Kirkwood operator
Ojj. In k-space it is not necessary to perform the apparently difficult operation of Taylor
expanding delta functions.

Before we close this section we will try to make the equation for the momentum

density, J(r,t) = p(r,t)u(r,t), a little clearer. In k-space this equation is a convolution,
Jk,t) = jdk' p(k-k',t) uk',t) (3.8.9)

Does this definition of the streaming velocity u, make good physical sense? One sensible
definition for the streaming velocity u, would be that velocity which minimises the sum of
squares of deviations from the particle velocities v;. For simplicity we set t=0, and let R, be that
sum of squares,

N N ke Y

R=Y (v u(ri)f _ 2 [vi 2 uk)e } ‘ (3.8.10)
=1 =1 n

i i

If u(r) minimises this sum of squares then the derivative of R with respect to each of the Fourier

components u(k;,), must be zero. Differentiating (3.8.10) we obtain,

N iknr) g
IR _ 22[Vi'2“(kn)e ]e —_— 3.8.11)
This implies that

N K, T, N k,or -ikg.r
mv. e b= ZZ mu(k,)e ‘e ' (3.8.12)
=1 l=1 n

1

Both sides of this equation can be identified as k-space variables,
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Ik = Y uk,) pek,k,). (3.8.13)

n

So that

Jky) = ) ulky) plkyK,). (3.8.14)

n
This is the Fourier series version of equation (3.8.9).

We can use the same procedure to calculate an expression for the heat flux vector. As
we will see this procedure is very much simpler than the Irving-Kirkwood method described in
§3.7. We begin by identifying the instantaneous expression for the instantaneous wavevector
dependent energy density in a fluid at equilibrium,

pelk,) = 2(%mv?(t) + %Z"’ e (3.8.15)
i j

1

This is instantaneous, wavevector dependent analogue of (3.7.4). To simplify notation in the
following we will suppress the time argument for all phase variables. The time argument will

always be t. If we calculate the rate of change of the energy density we find,

dpek.t) . | ik.r, . k.
PT - 1](.21‘71(5mvi2 +0)e + vaiwie
i 1

L1 o gy e (3.8.16)
Z(lar +r J)e

Where we use the notation ¢; = 1/2%; ¢;;. If we denote the energy of particle i as ¢; and Fj; as

the force exerted on particle i due to j then (3.8.16) can be rewritten as,

d k.r. ik r. I
% ikOZviee " ZV °F. e1 r'—— (v.F. Vi °F. )e .
lJ

.T. .T. ik.r.
ikoz viee Zv F, (e e ) (3.8.17)
i

This equation involves the same combination of exponents as we saw for the pressure tensor in
(3.8.7). Expanding exponentials to first order in k, and using equation (2.1.26) we find that the

wavevector dependent heat flux vector can be written as
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—O0 — 1 . 2
k=0) = Zv.ei ; rFoev. + 06 (3.8.18)

In r-space rather than k-space the expressions for the instantaneous pressure tensor

and heat flux vector become,

N N
Pery = D [y, -u@)v,0-u®) - 1Y r 0 F 0] 8,0 -1 (3.8.19)
=

i=1

N N
J @0 = ;[<vi<t)-u(t>>ei<t> L OG0 -u®) F 0] 860 -1 (3.8.20)

2

J=1

Our procedure for calculating microscopic expressions for the hydrodynamic
densities and fluxes relies upon establishing a correspondence between the microscopic and
macroscopic forms of the continuity equations. These equations refer only to the divergence of
the pressure tensor and heat flux. Strictly speaking therefore we can only determine the
divergences of the flux tensors. We can add any divergence free quantity to our expressions for

the flux tensors without affecting the identification process.
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3.9 The Kinetic Temperature

We obtain an instantaneous expression for the temperature by analysing the
expression for the pressure tensor (3.8.17) for the case of an ideal gas at equilibrium. Thus if

n(r,t) is the local instantaneous number density,

3n(r’t)§BT(r’t) ) %imm(t) —u(r, )80, (t) - 1) 5.1)

i=1

We will call this expression for the temperature, the kinetic temperature. In using this
expression for the temperature we are employing a number of approximations. Firstly we are
ignoring the number of degrees of freedom which are frozen by the instantaneous determination
of u(r,t). Secondly , and more importantly, we are assuming that in a nonequilibrium system

the kinetic temperature is identical to the thermodynamic temperature T,

T —aE 3.9.2
T = 39Sy (3.9-2)

This is undoubtedly an approximation. It would be true if the postulate of local thermodynamic
equilibrium was exact. However we know that the energy, pressure, enthalpy etc. are all
functions of the thermodynamic forces driving the system away from equilibrium. These are
nonlinear effects which vanish in Newtonian fluids. Presumably the entropy is also a function
of these driving forces. It is extremely unlikely that the field dependence of the entropy and the
energy are precisely those required for the exact equivalence of the kinetic and thermodynamic
temperatures for all nonequilibrium systems. Recent calculations of the entropy of systems very
far from equilibrium support the hypothesis that the kinetic and thermodynamic temperatures are
in fact different (Evans, 1989). Outside the linear (Newtonian), regime the kinetic temperature
is a convenient operational (as opposed to thermodynamic) state variable. If a nonequilibrium
system is in a steady state both the kinetic and the thermodynamic temperatures must be constant
in time. Furthermore we expect that outside the linear regime in systems with a unique
nonequilibrium steady state, that the thermodynamic temperature should be a monotonic

function of the kinetic temperature.



	3.1 Classical mechanics
	3.2 Phase Space
	3.3 Distribution Functions and the Liouville equation
	3.4 Ergodicity, mixing and Lyapunov exponents
	3.5 Equilibrium time correlation functions
	3.6 Operator identities
	3.7 Irving Kirkwood procedure
	3.8 Instantaneous microscopic representation of fluxes
	3.9 The kinetic temperature
	Book Contents
	Chapter 3 refs

