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Wave functions and two-electron probability distributions of the Hooke’s-law atom and helium
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The Hooke’s-law atom~hookium! provides an exactly soluble model for a two-electron atom in which the
nuclear-electron Coulombic attraction has been replaced by a harmonic one. Starting from the known exact
position-space wave function for the ground state of hookium, we present the momentum-space wave function.
We also look at the intracules, two-electron probability distributions, for hookium in position, momentum, and
phase space. These are compared with the Hartree-Fock results and the Coulomb holes~the difference between
the exact and Hartree-Fock intracules! in position, momentum, and phase space are examined. We then
compare these results with analogous results for the ground state of helium using a simple, explicitly correlated
wave function.
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I. INTRODUCTION

Contrary to the claims of most textbooks, systems w
two electrons do not inevitably have intractable Schro¨dinger
equations. This is exemplified by a curious ‘‘atom’’ where
two electrons repel Coulombically but are bound to a nucl
by a harmonic potential and is governed by the Hamilton
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It was first considered 40 years ago by Kestner a
Sinanoglu@1# but it was not until 1989 that Kaiset al. dis-
covered@2# that, if the harmonic force constant isk51/4, its
exact ground-state wave function can be written in clos
form and the associated energy isE52. Since then, interes
in this unusual system has grown steadily@3–22# and its
study has shed light on the behavior of strongly correla
electrons.

A consensus on a name for the atom has not yet b
reached. It has been variously termed the Hooke’s-
model, Hooke’s atom, the Hookean atom, harmonium,
the harmonic quantum dot. However, in this paper, we w
use the term ‘‘hookium’’ to refer specifically to the (k
51/4,E52) system.

If the harmonic potential is replaced by a Coulombic on
the Hamiltonian becomes
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and hookium is transformed into helium. Unfortunately,
exact helium wave functions are known but a numb
of simple near-exact wave functions were developed
Hylleraas in the early days of quantum mechanics@23#. Al-
though hookium and helium are quantitatively different
hookium being a more diffuse species, and the overlap of
two wave functions being;0.6—meaningful qualitative
comparisons can be made between the two.

We have recently commenced a systematic study of p
tion, momentum, and phase-space two-electron probab
distributions, intracules, of atoms and molecules. The p
1050-2947/2003/68~2!/022505~7!/$20.00 68 0225
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tion intraculeP(u), which gives the probability of finding
two electrons separated by a distanceu, is given by@24#

P~u!5E E E uC~r1 ,r2!u2d~r 122u!dr1dr2dVu, ~3!

where r1 and r2 are the positions of electrons 1 and 2,r12
5r12r2, andVu is the angular component ofu.

The momentum intraculeM (v), which gives the prob-
ability of finding two electrons moving with a relative mo
mentumv, is given by@25#

M ~v !5E E E uF~p1 ,p2!u2d~p122v!dp1dp2dVv , ~4!

whereF(p1 ,p2) is the momentum wave function,p1 andp2
are the momenta of electrons 1 and 2,p125p12p2, andVv
is the angular component ofv.

Finally, the Wigner intraculeW(u,v) @26#, which gives
the quasiprobability of finding two electrons at a distanceu
and moving with relative momentumv, is given for a two-
electron singlet by

W~u,v !5
v2

2p2E E E C~r ,r1q1u!C~r1q,r1u!

3 j 0~qv !drdqdVu , ~5!

where j 0(x) is the zeroth-order spherical Bessel functi
@27#.

In this paper, we present and discuss intracules
hookium and helium, using both~near-!exact and Hartree-
Fock ~HF! wave functions. Atomic unitsh5m5c51 are
used throughout and 1Eh51 hartree.

II. CORRELATED WAVE FUNCTIONS AND INTRACULES

A. Hookium

The normalized exact position wave function@4# for
hookium is given by
©2003 The American Physical Society05-1
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C~r1 ,r2!5
1

2A8p5/215p3 S 11
r 12

2 DexpS 2
r 1

21r 2
2

4 D .

~6!

The position intracule derived from this@19# is given by

P~u!5
1

815p1/2
u2S 11

u

2D 2

expS 2
u2

4 D . ~7!

To derive the analogous momentum intracule, the norm
ized momentum wave function for hookium, which is relat
to the position wave function via a Fourier transform, w
determined and is given by

F~p1 ,p2!5
4exp~2p1

22p2
2!

A8p5/215p3 F11A2

p
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2

2 D
1S 1

p12
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D G , ~8!

where erfi(z)5erf(iz)/ i and erf(z) is the error function@27#.
The exact momentum intracule for hookium is thus

M ~v !5
8v2

815Ap
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p
1expS 2

v2

2 D
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2v DexpS 2

v2
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. ~9!

We have not been able to obtain the Wigner intracule
hookium in closed form yet and must currently use quad
ture @28# to approximate the single integral

W~u,v !5
u2v2e2u2/4

p~815Ap!
E

0

`

q2e2q2/4j 0~qv ! f ~q,u!dq,

~10!

where
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4qu
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~11!

B. Helium

The near-exact wave function we have chosen is tha
Hylleraas@23# and is given by
02250
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C~r1 ,r2!5
4a4

pA16a2170ac196c2
~11cr12!e

2a(r 11r 2),

~12!

wherec anda are such that they minimize the energy. T
position intracule is then given by

P~u!5
4a5u2~11cu!2~316ua14u2a2!

3~8a2135ac148c2!
e22au.

~13!

The momentum wave function proves to be too difficult
derive so to obtain the momentum and Wigner intracules,
expand the position wave function using a set of Gauss
to represent the Slater functions

C~r1 ,r2!5M ~11cr12!(
i 51

n

aif i~z i ,r1!(
j 51

n

ajf j~z j ,r2!,

~14!

where thef i(r ) are Gaussian functions with contraction c
efficients ai and exponentsz i , and M is a normalization
constant. Using this expansion, the Wigner intracule can
reduced to a one-dimensional integral, analogous to tha
hookium, and the momentum intracule is then calcula
from this by integrating overu using 50-point Euler-
Maclaurin @29# quadrature.

An energy of 22.891 121Eh is achieved usingc
50.365 796 anda51.849 685. Using an appropriatel
scaled expansion of six Gaussians~STO-6G! in Eq. ~14!
yields an energy of22.889 978Eh .

III. HARTREE-FOCK WAVE FUNCTIONS
AND INTRACULES

A. Hookium

Whereas the exact wave function of hookium~6! is
known in closed form, the corresponding HF wave functi
is known only from numerical calculation. The normalize
HF orbital c(r ) satisfies the integrodifferential equation
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and the HF energy isEHF5E11E2, where

E152E c~r !F2
1

2
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dr2
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1
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1

r 2

8 Gc~r !dr , ~16!

E25E E c2~r 1!
1

r 12
c2~r 2!dr1dr2 . ~17!

It is difficult to solve Eq.~15! directly but, if we expandc(r )
in an orthonormal basis,
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TABLE I. Convergence of the Hartree-Fock energy with Hermite basis set size.

N E(N) E(N)2E(N21) c2 c3 c4 c5

1 2.06418958
2 2.03878780 20.02540178 0.10994405
3 2.03845337 20.00033443 0.10833978 20.00951451
4 2.03843949 20.00001388 0.10825043 20.00940132 0.00157574
5 2.03843889 20.00000061 0.10824442 20.00939263 0.00156292 20.000284251
6 2.03843887 20.00000001 0.10824412 20.00939209 0.00156212 20.000283023
7 2.03843887 20.00000000 0.10824414 20.00939212 0.00156212 20.000283102
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N

ckfk~r !, ~18!

and choose the appropriate basis functions, then all of
required integrals can be evaluated in closed form.
choose the basis functions to be the harmonic-oscilla
eigenfunctions

fk~r !5
H2k21~r /A2!

2kA~2k21!! r /A2

exp~2r 2/4!

~2p!3/4
~19!

~whereHk is thekth Hermite polynomial! and the expansion
converges very rapidly, as Table I shows. We observe tha
expansion coefficientsck decay roughly exponentially. Ou
limiting energy (2.038 438 87Eh) is significantly lower than
that reported by Kaiset al. @4# (2.039325Eh) but the reason
for this discrepancy is not clear@30#. Using an expansion o
eight Gaussian basis functions@31# an energy of
2.038 439 0Eh can be achieved. This is slightly lower tha
the energy of 2.038 51Eh achieved by Amovilliet al. @22#
using ten Gaussians.

By subtracting our lowest HF energy from the exact e
ergy (E52), we deduce that the exact correlation energy
hookium is238.438 873 3mEh . This is a little smaller than
the correlation energy of helium (242.044mEh) and sup-
ports the assertion by Kestner and Sinanoglu that the co
lation energies of two-electron systems are remarkably
sensitive to the nature or magnitude of the external field@1#.

Although it is straightforward to calculate the position a
momentum intracules using the basis set in Eq.~19!, the
Wigner intracule proves more difficult. For this reason,
use the eight-Gaussian basis set mentioned above to c
late all of the intracules. The quality of this Gaussian ba
02250
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set is such that we do not see any differences in the intrac
derived from it as compared to those derived using the H
mite basis set.

B. Helium

We expand the HF wave function for helium as a line
combination of tens-type Gaussians. In particular, the exp
nents are taken from thes functions used in Dunning’s cor
relation consistent polarized valence sextuple zeta~cc-pV6Z!
basis set @32# for helium, uncontracting the contracte
basis function. This basis yields an energy
22.861 673Eh , almost reaching the HF limit
(22.861 68Eh). Subtracting this from the energy resultin
from the near-exact wave function gives a correlation ene
of 29.45mEh , which is 70% of the true correlation energ
for helium.

IV. EFFECT OF CORRELATION ON THE INTRACULES

To examine the effect that the inclusion of electron cor
lation has on the intracules for hookium and helium, each
the position, momentum, and Wigner intracules will be e
amined for both the~near-!exact and HF cases and also t
Coulomb hole@33#, DZ, where

DZ5ZExact2ZHF , ~20!

whereZ is P(u), M (v), or W(u,v).

A. Hookium

1. Position intracule

Figure 1~a! shows the exact position intracule fo
hookium. At u50 the intracule vanishes, indicating th
there is no probability of finding the two electrons at t
same point in space. Near the origin it grows quadratica
FIG. 1. The exact and HF position intracules and the corresponding Coulomb hole for hookium.
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FIG. 2. The exact and HF momentum intracules and the corresponding Coulomb hole for hookium.
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and reaches a maximum atu'2.494 and then decays awa
asu increases. Figure 1~b! shows the corresponding HF in
tracule. Again, it vanishes at the origin and grows to a ma
mum, this time atu'2.204, before decaying away. As e
pected, the effect of correlation is to keep the two electr
further apart, and this is clearly shown in the Coulomb h
in Fig. 1~c!. The radius of the Coulomb hole, as defined
Coulson and Nielson@33#, for hookium is'2.25.

2. Momentum intracule

Figure 2~a! shows the exact momentum intracule f
hookium. Like the position intracule, it vanishes at the orig
indicating that there is no probability of finding the two ele
trons with zero relative momentum. It then grows quadra
cally to a maximum atv'0.897 followed by a rapid deca
back to zero atv'2.506, indicating that there is no prob
ability of the two electrons having this relative momentu
Another much smaller maximum then occurs atv'3.086.
Figure 2~b! shows the HF momentum intracule. Again,
vanishes at the origin and grows to maximum atv'0.926,
before decaying away. The second peak does not appea
the HF intracule indicating that correlation also favors el
trons moving with high relative momentum. Figure 2~c!
shows the Coulomb hole for hookium in momentum space
is considerably more complex than its position-space co
terpart, with correlation favoring both lower and higher re
tive momenta.

3. Wigner intracule

Figure 3~a! shows the exact Wigner intracule fo
hookium. The intracule vanishes along the axesu50 and
02250
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v50 indicating that there is no probability of finding tw
electrons at the same point in either position or moment
space. From the origin it grows quadratically in bothu andv
and reaches a maximum at (u,v)'(2.378,0.899). We also
note the presence of a shallow negative region at (u,v)
'(1.109,2.048). Whereas the position and momentum in
cules are everywhere positive, this is not the case for
Wigner intracule which reflects its interpretation as a qu
siprobability. Figure 3~b! shows the HF Wigner intracule
Again, it vanishes at the origin and along the axes, an
grows to a maximum at (u,v)'(2.187,0.923). The negativ
region present in the exact intracule is no longer pres
Figure 3~c! shows the Coulomb hole in phase space. It co
bines the results of the two previous sections and shows
in hookium, correlation favors a larger interelectronic sep
ration and lower relative momentum and to a much les
extent higher relative momentum.

B. Helium

1. Position intracule

Figure 4~a! shows the near-exact position intracule f
helium. At u50 the intracule vanishes, indicating that the
is no probability of finding the two electrons at the sam
point in space. Near the origin it grows quadratically a
reaches a maximum atu'1.0765 and then decays away asu
increases. Figure 4~b! shows the corresponding HF intracul
Again, it vanishes at the origin and grows to a maximu
this time atu'0.995, before decaying away. As expecte
the effect of correlation is to keep the two electrons furth
apart, and this is clearly shown in the Coulomb hole in F
FIG. 3. The exact and HF Wigner intracules and the corresponding Coulomb hole for hookium.
5-4
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FIG. 4. The near-exact and HF position intracules and the corresponding Coulomb hole for helium.
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4~c!. The radius of the Coulomb hole for helium is'0.95.
This is significantly less than 1.1 quoted by Coulson a
Nielson and we attribute this difference to the inferior qual
of our correlated wave function. We also note the presenc
a second node in the Coulomb hole and again believe
this is due to our choice of wave function rather than hav
physical significance. Comparing these results with those
hookium, we see qualitatively the same features but qua
tatively hookium’s Coulomb hole is much larger reflecting
diffuseness relative to helium.

2. Momentum intracule

Figure 5~a! shows the near-exact momentum intracule
helium. Like the position intracule, it vanishes at the orig
indicating that there is no probability of finding the two ele
trons with zero relative momentum. It then grows quadra
cally to a maximum atv'1.498 and decays away withv.
Figure 5~b! shows the HF momentum intracule. Again,
vanishes at the origin and grows to maximum atv'1.447,
before decaying away. The shifting of this maximum sho
that correlation favors electrons moving with lower relati
momentum. Figure 5~c! shows the Coulomb hole for helium
in momentum space. It is considerably more complex th
its position-space counterpart, with correlation disfavor
both lower and higher relative momenta. The Coulomb h
in momentum space has been studied previously@34–38#
using configuration interaction, multiconfiguration Hartre
Fock and explicitly correlated position wave functions to d
rive the correlated intracule. We are not aware of any stud
using a wave function linear inr 12. Comparing our results
with those of Ga´lvez et al. @37#, we obtain qualitatively the
same result although quantitatively the magnitude of
peaks are too large. Again this reflects the relatively p
quality of our choice of wave function.

The Coulomb hole for helium is very different to that
hookium. Whereas in helium~and the hydride ion@34#! cor-
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relation disfavors both low and high relative momenta,
hookium the opposite is true. The physical significance
this is not clear, though it does reflect the fact that althou
hookium is often used as a model for helium in some
spects they are very different.

3. Wigner intracule

Figure 6~a! shows the near-exact Wigner intracule for h
lium. The intracule vanishes at the origin and along the a
u50 andv50 indicating that there is no probability of find
ing two electrons with either or both the same position
space and zero relative momentum. From the origin it gro
quadratically in bothu and v and reaches a maximum a
(u,v)'(1.170,1.589). Figure 6~b! shows the HF Wigner in-
tracule. Again, it vanishes at the origin and along the a
and it grows to a maximum at (u,v)'(1.316,1.589). Figure
6~c! shows the Coulomb hole in phase space. It combines
results of the two previous sections and shows that, in
lium, correlation favors a larger interelectronic separat
and lower relative momentum.

V. CONCLUSIONS

Although there has been interest in the position-sp
properties of hookium over the last four decades,
momentum-space properties have not been considered. H
we have presented the momentum-space wave function
corresponding momentum intracule, and also the Wigner
tracule for hookium. The momentum intracule exhibits tw
maxima and a valuev'2.506 of the relative momentump12
that can never occur. We have not observed such node
M (v) before. The Wigner intracule allows us to look at th
position- and momentum-space properties of hookium sim
taneously.

The position- and momentum-space properties of heli
FIG. 5. The near-exact and HF momentum intracules and the corresponding Coulomb hole for helium.
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FIG. 6. The near-exact and HF Wigner intracules and the corresponding Coulomb hole for helium.
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have been studied extensively. In this paper, we use a sim
explicitly correlated wave function, which is linear inr 12 to
look at the effects of correlation in helium. Qualitatively, w
reproduce the results of previous work, such as Coulson
Nielson, and Ga´lvez et al., although quantitatively our re
sults are not as accurate. These could be improved by the
of a more sophisticated wave function. By expanding
Slater functions in our wave function in terms of Gaussia
we were able to look at the momentum intracule for a wa
function which depended explicitly onr 12, and this approach
could easily be extended to more accurate wave function

In both hookium and helium, the effect of correlation is
keep the electrons further apart. They differ, however, in
effect that correlation has on their momentum distributio
.J

d

t.
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Correlation favors lower relative momentum and, to a mu
lesser extent, higher relative momentum in hookiu
whereas the analogous Coulomb hole in helium shows
opposite preferences, disfavoring both lower and higher r
tive momentum. Looking at the Coulomb hole in pha
space again shows us both the similarities and differen
between hookium and helium.
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@12# N.H. March, T. Ga´l, and Á. Nagy, Chem. Phys. Lett.292, 384

~1998!.
@13# P. Ziesche, V.H. Smith, Jr., M. Hoˆ, S.P. Rudin, P. Gersdorf, an

M. Taut, J. Chem. Phys.110, 6135~1999!.
@14# K. Ivanov, K. Burke, and M. Levy, J. Chem. Phys.110, 10262

~1999!.
@15# P. Hessler, J. Park, and K. Burke, Phys. Rev. Lett.82, 378

~1999!.
@16# N.H. March, C. Amovilli, and D.J. Klein, Chem. Phys. Let

325, 645 ~2000!.
.

@17# J. Cioslowski and K. Pernal, J. Chem. Phys.113, 8434~2000!.
@18# A. Artemyev, E.V. Ludena, and V. Karasiev, J. Mol. Struc

THEOCHEM 580, 47 ~2002!.
@19# E. Romera, J. Phys. B35, L309 ~2002!.
@20# R.J. White and W. Byers Brown, J. Chem. Phys.53, 3869

~1970!.
@21# J.M. Benson and W. Byers Brown, J. Chem. Phys.53, 3880

~1970!.
@22# C. Amovilli and N.H. March, Phys. Rev. A67, 022509~2003!.
@23# E.A. Hylleraas, Z. Phys.54, 347 ~1929!.
@24# P.M.W. Gill, A.M. Lee, N. Nair, and R.D. Adamson, J. Mo

Struct.: THEOCHEM506, 303 ~2000!.
@25# N.A. Besley, A.M. Lee, and P.M.W. Gill, Mol. Phys.100, 1763

~2002!.
@26# P.M.W. Gill, D.P. O’Neill, and N.A. Besley, Theor. Chem. Acc

109, 241 ~2003!.
@27# Handbook of Mathematical Functions, edited by M.

Abramowitz and I. A. Stegun~Dover, New York, 1965!.
@28# http://www.netlib.org/quadpack/
@29# C.W. Murray, N.C. Handy, and G.W. Laming, Mol. Phys.78,

997 ~1993!.
@30# N.C. Handy~private communication!.
@31# The exponents used were 0.0375, 0.0750, 0.23185, 0.30

0.37297, 0.6000, 1.2000, 2.4000.
5-6



WAVE FUNCTIONS AND TWO-ELECTRON PROBABILITY . . . PHYSICAL REVIEW A68, 022505 ~2003!
@32# K.A. Peterson, W.D.E., and T.H. Dunning, J. Chem. Phys.100,
7410 ~1994!.

@33# C.A. Coulson and A.H. Neilson, Proc. Phys. Soc. London78,
831 ~1961!.

@34# K.E. Banyard and C.E. Reed, J. Phys. B11, 2957~1978!.
@35# F. Arias de Saavedra, E. Buendı´a, and F.J. Ga´lvez, Z. Phys. D:
02250
At., Mol. Clusters38, 25 ~1996!.
@36# A. Sarsa, F.J. Ga´lvez, and E. Buendı´a, J. Chem. Phys.110,

5721 ~1999!.
@37# F.J. Gálvez, E. Buendı´a, and A. Sarsa, Chem. Phys. Lett.370,

327 ~2003!.
@38# T. Koga, Chem. Phys. Lett.350, 135 ~2001!.
5-7


