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Abstract

Green-Kubo and Einstein expressions for the transport coefficients of a fluid in &
nonequilibrium steady state can be derived using the Fluctuation Theorem and by assumil
the probability distribution of the time-averaged dissipative flux is Gaussian. These
expressions are consistent with those obtained using linear response theory and are valid
the linear regime. It is shown that these expressions are however, not valid in the nonline
regime where the fluid is driven far from equilibrium. We advance an argument for why

these expressions are only valid in the linear response, zero field limit.



. INTRODUCTION

In 1993 Evans, Cohen and Morriss [1], ECM2, gave a quite general formula for the
logarithm of the probability ratio that in a nonequilibrium steady state, the time averagec
dissipative flux takes on a valud, (t), to minus that value, namely, (t) = -J,(t). That is
they gave a formula foln[p(J, (t)) / p(3_(t))] from a natural invariant measure [1, 2]. This
formula gives an analytic expression for the probability that, for a finite system and for &
finite time, the dissipative flux flows in the reverse direction to that required byebend
Law of Thermodynamics. The formula has come to be known as the Fluctuation Theoren
FT. Surprisingly perhaps, it is valid far from equilibrium in the nonlinear response regime
[1]. Since 1993 there have been a number of derivations and generalisations of the F
Evans and Searles [3-5] gave a derivation, similar to that given here, which considere
transient, rather than steady state, nonequilibrium averages and employed the Liouvil
measure. Gallavotti and Cohen [6,7], gave a proof of the formula for a nonequilibrium
stationary state, based on a Chaotic Hypothesis and employing the SRB measure. In the Ic
time limit, when steady state averages are independent of the initial phase used to generate
steady state trajectory, averages dvansient segments which originate from the initial
equilibrium microcanonical ensemble can be expected to approach those taken ov
nonequilibriumsteady state segments. Thus for chaotic systems both approaches should be
able to explain the steady state results. However this point is being debated [8]. Oth
generalisations of the FT have recently been developed [9-12].

In a footnote to their original paper ECM2 also pointed out that in the weak field regime,
there was a connection between the FT, the Central Limit Theorem (CLT) [13, 14], anc
Green-Kubo relations [1, 4]. In the present paper we explore this connection further an
consider the validity of the Green-Kubo relations far from equilibrium. We showif tte
distribution of the time averaged dissipative fly,)(t)), is Gaussian arbitrarilfar from the
mean, then from the FT one can derive both generalised Einstein and generalised Green-KLt
relations for the relevant transport coefficient. Both isothermal (ie isokinetic) and
isoenergetic dynamics are considered. We conduct computer simulations whichhatove

outside the linear regime, these generalised Green-Kubo and Einstein relations are incorre



It turns out, that in order for the nonlinear Green-Kubo relations to be p@(u)/oj(t)) must

be a normalised Gaussian whawth t and j(t)/cyj(t) - o, However, this is not guaranteed

by the Central Limit theorem [15] and the nonlinear Green-Kubo relations are invalid.



[I. NEMD DYNAMICAL SYSTEMS

The development of NonEquilibrium Molecular Dynamics, NEMD, over the previous two
decades has lead to a set of deterministic algorithms (ie N-particle dynamical systems) fro
which one can in principle, calculate correct values for each of the Navier-Stokes transpo
coefficients [16]. These dynamical systems actually duplicate the salient features of rei
experimental nonequilibrium steady states. In the linear regime close to equilibrium
nonequilibrium statistical mechanics is used to prove that in the large system limit the
calculated transport properties are correct. Using NEMD one can calculate far more than ju
transport coefficients. One can also correctly calculate the changes to the local molecul
structure and dynamics, caused by the applied external fields.

Consider an N-particle system in 3 Cartesian dimensions, with coordinates and peculi:
momenta, {d,,d,,.9y.P:,--Py} =(Q,p)=l.  The internal energy of the system is
Ho = %p,z / 2m+ ®(q)where ®(q) is the interparticle potential energy which is a function
of thelzéoordinates of all of the particleg, In the presence of an external fidld, the

thermostatted equations of motion are taken to be,
i =p; / m+Cy(MNF

pi =F(q) +Dj(NF —a(lM)p; 1)

where
F(q) = -0®(q)/ 0q; (2)

anda is the thermostat multiplier derived from Gauss’ Principle of Least Constraint in order
N

to fix the peculiar kinetic energy = Z pI /2m, or the internal energyly. In a constant

energy system the thermostat multlpller is easily seen to be,

ag = -JMNVF, / 2K 3)

while in an isokinetic system the corresponding expression for the multiplier is,



Pi
—+ (K +DiF)
GK :zm 4 (4)

We note that the thermostatted equations of motion are time reversible. The dissipative flL

is defined in terms of the adiabatic (ie unthermostatted) derivative of the internal energy,

H3% = -J(M)VF, (5)

where V is the system volume.
In an isokinetic system, the balance between the work done on the system by the exterr
field and the heat removed by the thermostat implies that
t t

Jim .([dsJ(F(s))VFe =-2K, fim {dsaK(I’(s)), (6)

while in a constant energy system, energy balance is exact instantaneously,

JMVFe = =2K(p)ag(), (7)

In equation (6)K| is the (fixed) peculiar kinetic energy,

ANkgT/2=3NB; /2=K,. (8)

A shorthand notation will be used to refer to the time averaged value of a phase functio

along a trajectory segmertft,.(s); 0<s<t. We will write,
o t
ALt = %J’dsA(h(S))- 9)
0

Since the dynamics is time reversible, for every trajectory segmgfs); 0<s<t, there
exists an antisegment;_(s);0<s<t. A plus or minus sign is ascribed to a particular
trajectory segment depending on the sign of the time averaged value of the thermost
multiplier: therefore by definitiora, (t) > 0. The time reversed conjugate of the segment

I.(s);0<s<t, namelyll _(s); 0 <s<t, is termed an antisegment and,



t
A=Y [dsA(r_(9)). (10)
0

Depending on the parity of the phase funct®@™) under the time reversal mapping there
may be a simple relation betwedn (t) and A_(t). Without loss of generality we take the
external field to be even under time reversal symmetry, therefore the dissipative flux is od

and,

J_(t) = =J,(t), Ot. (11)

Using this notation the dissipative flux is related to the phase space compressio

accomplished by the thermostat,

(Iim )Bj+(t)VFe = —(Iim )3NE+(t) isokinetic

t- o t o

(12)
BJ, (t)VFe = -3NT, (1) isoenergeti
where for both the isokinetic and isoenergetic systems,
BJr )V =3NJr )V /2K(p)

but in the isokinetic case, the peculiar kinetic energy K is a constant of the motionf3 &nce

always positive, we see from (12), that the sign convention for distinguishing segments ar

antisegments can equally well be taken from the sign of the dissipative flux.



[1l. THE (TRANSIENT) FLUCTUATION THEOREM

For our system, since the adiabatic incompressibility of phase spdceh@ltls [16], the

Liouville equation for the N-particle distribution functidil',t), reads,

df(r,) _

o (F.)0F 34 =3Na()f (I, ) + OF(T ). (13)

The O(1) terms are omitted in the following discussion. Incorporation of these terms pose
no difficulty but complicates the expressions and the consequences can be neglected in f

large system limit. The solution of this equation can be written as [4]

t
f(I+(1),1) = expl[ 3Na(I"..(9)dsf (T .., 0)
0

(14)
= exp[BNa, (t)t]f (I ,,0)
This is known as the Lagrangian form of the Kawasaki distribution function [4].

Consider the propagation of a phase point along a trajectory in phase space. If we sele
an initial, t = 0, phasd;, 1), and we advance time from Ottaising the equations of motion (1)
we obtainl )= (t;I (1)) = exp[iL(" 1), F)TIl 1), where the phase Liouvillean, ILg),F,), is
defined as,iL(I',F,)=q(l,F,)*d/dq+p(l',F.)*0/0p. Continuing on to Rgivesl (3 =
expliL(T ), F)TIM 2)= exp[iL(I (1), F)2t]l (1). This is demonstrated in Figure 1.

From this trajectory segment, we can construct a time-reversed trajectdiye ntpoint
of the trajectory segmef, 3) (i.e. att=r) we apply the time reversal mapping{tol )
generating NI o) = ' 5). If we now propagate backward in time keeping the same external
field, we obtainl 4) = exp[-iL( ), F)TIl (5). T (4) is the initial t = 0 phase from which a
segment (4 ) can be generated wilfyg) = exp[iL[ (4),Fe)2T]I 4. We denote the trajectory
segmentl (1)~ T (3), asl 3 =T, similarly 46 =I_. Using the symmetry of the
equations of motion it is trivial to show thatl"3{) =-J([ (5)) and that @r,,o<t<2)-=

-J(2t-t; F_, 0 <t <), - see Figure 1. We now have an algorithm for findimigal phases



which will subsequently generate the conjugate segments.

The ratio of probabilities of finding the initial phaskg), I' 4) which generate these
conjugate segments will now be discussed. Ioaasal universe, the probabilities of
observing the segmerits. andl". are proportional to the probabilities of observingith&al
phases which generate those segments [3, 5]. It is convenient to consider a small phase sg
volume, V(I ((0)) about an initial phasd,;(0). If we are considering isoenergetic
dynamics, then the initial equilibrium phases are distribatedocanonically, and therefore
the probability of observing ensemble members indWd (5(0)), is proportional to
dV(I(;(0)) (for generalisations to other ensembles see [17]). From the Liouville equatior
(13) and the fact that for sufficiently small volum&¥(I (t)) ~ 1/f( (t),t), we can make the
following observations:dV, = &V, (1) = 8V4(0) exp[—J’SSNa(s M2)dd and, dV3=dV1(21)=
oV,(0) exp[—IjITSNa(s I"1))dg. Because the segmdny ) is related td™(; 3) by MT which is
applied at t =, and the Jacobian of Ms unity,dV, =dVs5 O 0V3=0V4anddV,(0)= dVe.

However, sincéV 1(0) anddV 4(0) are volumes at t = 0 and since the distribution of initial
phases is microcanonical, we can compute the ratio of probabilities of observing t = 0 phas

within 8V 1(0) anddV 4(0). This ratio is just the volume ratio,

BV 4(0)/3V 1(0) = 8V1(21)/8V1(0) = exp[IjT—BNO( (sT)dd, Ot (15)

There may be trajectory segments whose initial phases lie outside the phase space volu
0V 1(0) but which have the same value @f2t) as those lying insiddV,(0). Suppose that
there are two noncontiguous subvolumes of phase sp¥e), dV1'(0) from which
trajectories originate which, after a tin2e, have time averaged valuescofvhich lie in the
range: (a, (21),a,(21) +da), (see Figure 2). Suppose that at timdlese volumes evolve
to: OV 1(21)=0V3, OV1(21)=0V3. At time zero the corresponding volumes for the
corresponding antitrajectories ad®/1(21)=0V 4, 0V 1'(21)=0V 4.

The ratio of probabilities of observing trajectories, (21),a,(2t) + da) compared to the

corresponding antitrajectorie@_(2t1),a_(2t) +da), is



(6V4 +0Vy) — (0V3 +dV3)
(OVy +0Vy) (OVy +0Vy)

—  (0Viexp[BNa. (21)21] + dVy exp[3Na.. (21)21])
lim do - 0 (dVy +0Vy)

= exp[3Na, (21)21]
(16)

since a(21) is the same for both trajectories. This shows that even when noncontiguou
regions of phase space have the same time averaged values for the thermostatting multipli
the ratio of probability thabi(t) = a,(t) = A to the probability thati(t) = a_(t) = -A, (ie
p(a(t) = A)/p(a(t) = —A), where A is any required value of the time average isf

M = exquAt]_ (17)

p(a(t) = -A)
This formula is exact for transient trajectory segments of a system undergoing isoenerget

dynamics. For isoenergetic dynamics there is a linear relationship between the wahrelof

the value of3J, so

p@® =A) _ pBIt)=B) _
p(@(t) = -A)  p(BI(1) = -B)

exi{3NAt] = ex -BVFt|. (18)

where B=-3NA/VFE. For isokinetic dynamics, the procedure above can be used to show tha

[17],

pX(t) =B) _
———~ = exd -BBVF.t|. 19
FUCET M (19)
If we are interested in steady state segments, equations (18) and (19) will only be true in tl
limit as the segment duration, t, goes to infinity [1, 6-8, 17] and only when the steady state |

unique:

o L, EpEXY=B)0_ o

(et Cp(EX) = B)H e (20)

Equations (18, 19 and 20) express what has become known as the Fluctuation Theorem, (F



for the dissipative flux for isokinetic and the isoenergetic dynamics [1, 2-7, 17].

10
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V. EINSTEIN AND GREEN-KUBO RELATIONS

We consider first the isokinetic case. In this cfsés a constant of the motion:
BI(t) = BoJ(t). It might be expected that as the averaging tintecomes arbitrarily large
compared to the Maxwell tima,,, which characterises serial correlations in the dissipative
flux, contributions to the trajectory segment averages of the dissipative fi(t)},{would
become statistically independent and therefore satisfy the Central Limit Theorem, (CLT)
That is, ast - o, the distribution wouldapproach a Gaussian. If the distribution is
Gaussian, it is trivial to show that there is a relation between the logarithm of conjugat
probabilities of time averaged steady state dissipative fluxes and the variance of th

distribution of those averaged dissipative fluxes,
i L Dp(BJ(t) 1) A %(j(t):s)[

lim =Ing——=
(t—»oo)t Ep(BJ(t)——BB)E (t-o)t (J(t)=B)E

i ZB<J>
(t - @) o2 30 (t)

(21)

where og(t)(t) is the variance of the distribution ofift)}. Combining this equation with
(20) shows that if the distribution is Gaussian there must be a trivial relation between th
variance and the mean of the distribution of averaged fluxes [18]. From this relation th

nonlinear transport coefficient is given ,

—(J)
L(F,) = FFe —(tnm 1BoVto?

e

3t)- (22)

In the zero field limit this equation constitutes an Einstein relation for the linear transport
coefficient, L(0). Except for the case of colour conductivity where (22) is equivalent to the
standard Einstein expression for the self diffusion coefficient [19], these zero field Einsteir
relations are not well known. For nonzero applied fields, the generalised Einstein relation fc
the field dependent transport coefficieb(F,), (22) is, as we shall see, incorrect.

In the long time limit the variance of the steady state distribution of t-averaged fluxes,
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050 (F) = (A0 - (3 )?)_ (23)

e

satisfies the equation (see [4] and also the Appendix),

: 2 _2L4(0; Fe% - 2L5(0; Fe%
(tlljr:o)toJ(t)(FE) Bov " (t"f'!o) BVt

(24)
_2L,(0F.)
- 2L, 0F)
where
(s Fe) = BoV [dt &((A0) ~ () JAD = (I ). (25)
0

[J(S F.) is the frequency and field dependent Green-Kubo transform (GK), of the dissipative
flux and therefore is essentially the Fourier-Laplace transform of the field dependen

dissipative flux autocorrelation function evaluated in a NESS with an applied field F

(k)= dhR)/ (26)

The factor3g is included in the GK transform to make the expression consistent with the
Green-Kubo expression for the transport coefficient at zero applied field.

Combining (22) and (24), shows thhthe t-averaged dissipative fluxes are Gaussian, then
the nonlinear phenomenological transport coefficiehf(F,), is given by the zero frequency

Green-Kubo transform of the dissipative flux,

e

L(Fo) = L(0:Fe) = BoV [t {(30) = (I JAV - (I ))._- (27)
0

In the zero field limit (27) reduces to the correct well known Green-Kubo expression for the
linear transport coefficient, L(0). The relationship between the FT and GK expressions in th
linear regime has been considered previously [4, 10, 20-22]. In the present paper, simulatio
are carried out to test these relationships in the nonlinear, large field regime. These numeric

calculations show that this generalised Green-Kubo relation (27), is not valid, forcing us t
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conclude that the distribution is not sufficien@aussian far from equilibrium and far from
the mean.

In the isoenergetic caséthe distribution is Gaussian, we have,

1 OpRiy=8)0_ . 2BB):  -2B{RJ)
= — = | - e = | e
(t-oo)t n%(BJ_(t) = B)E (t T:o) toé—m) (t Tl)) toé—J(t) (28)

Combining this equation with (20) shows that if the distribution is Gaussian there there mus
again be a trivial relation between the variance of the distribution of averaged fluxes and tr

nonlinear transport coefficient,

_<BJ>|:
= e = |j l 27
<B>Fe L(Fe) - Fe (tlm) 2 VtOBJ(t)

(29)

Were such a relation to be true at large fields it would constitute a generalised Einstei
relation for the field dependent transport coefficieqE,). In the long time limit the variance

of the steady state distribution of t-averaged fluxes,

Oy (Fo) = (B0 - (BY) P, (30)

e

satisfies the equation

_ 2(B). L3(0;F) _2(B); Ly(O:R)
(tllmo)tcl%(t)(':e): Sl % + lim R 4

(t— )

(31)
2(B) L5(0;F)
28 105/
where
(B)e. Lo(sFe) =V [at &™H{(B0) ~ (B3} (B ~ (BI).)). (32)
0

Combining (28) and (30), shows that if the distribution of the t-averaged dissipative fluxes it
Gaussian, then th@onlinear phenomenological transport coefficieht(F,), is given by the

zero frequency Green-Kubo transform of the dissipative flux,
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L(Fe) = Ly(0:Fe) = V{B) [t {(BXO) - (BI)e JBID ~ (B ))- (33)
0

Not surprisingly, results of numerical tests of this relationship indicate that (33) is also not

correct.
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V. NUMERICAL RESULTS

Steady state NEMD simulations of a fluid undergoing shear flow were used to test ths
accuracy of the expressions derived above. All simulations were carried out in two Cartesic
dimensions with interactions between particles given by the Weeks-Chandler-Anderso
repulsive pair potential. Note that Lennard-Jones reduced units are used in the figures a
throughout this section. In both cases, simulations were carried out for systems of 2C
particles and for the isokinetic system, the temperature was constrained at T = 1.0, where
for the isoenergetic system the internal energy was constrained at E/N = 1.56032. For tl
isokinetic fluid, two densities, n=N/V, were considered: n = 0.4 and n = 0.8; and for the
isoenergetic fluid the density was set to n = 0.8.

The SLLOD equations of motion with Lees-Edwards periodic boundary conditions were
employed to model the shear flow, and a Gaussian thermostat or ergostat used to maintail
steady state [16]. The adiabatic SLLOD equations give an exact representation of shear flc
arbitrarily far from equilibrium and Lees-Edwards periodic boundary conditions give the
unique generalisation of periodic boundary conditions to planar Couette flow. The SLLOLC
eqguations (analogous to equation (1)) are given by:

di = Pi +ivy;

: . 34
Pi = F —1ypy; —ap; (34)

wherey is the strain rate anal is the isokinetic or isoenergetic thermostat multiplier. When
the kinetic energy is a constant of motion,

z Fi @% ~ YP,iPyi
Oy == (35)
Zpi [P,

1=1

while if the internal energy is a constant of motion,
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-yP. .V
g = NVny (36)

Zpi [p;

=1

where Ry is the xy element of the pressure tensor,

N N
PyV = PaPyi =3 Y XiFi, (37)
i=1 =1

which is the dissipative flux: 3 Pyy. The nonlinear shear viscosity(y) is the nonlinear
transport coefficient calculated using this algorithm. We note that in contrast to the
discussion above, the dissipative flux for shear flow is even under the time reversal mappin
MT(X, Y, Px, Py) = (X, Y, -Px, -Py) and the strain rate is odd. However we can choose the
strain rate to be even and the dissipative flux odd by employing the Kawasaki mapping [16
MK(X, Yy, Px; Py) = (X, Y, - Px, Py).

Firstly we carried out simulations to show that in the long time limit, for an isokinetic
system the variance of the distribution a{t)} is related to the zero frequency Green-Kubo
transform of J(t) by equation (24), and for an isoenergetic system, the variance of the
distribution of {ﬁ(t)} is related to the zero frequency Green-Kubo transform]_ﬁéf) by
equation (31). The behaviour at various strain rates was examined and the results are sho
in Figure 3. Equations (24) and (31) are found to be verified in all cases.

We tested the nonlinear Green-Kubo relati¢pg) and (33) for the systems described
above and the results are shown in Figure 4. Sﬁr(tt—'@) is also related to the variance of the
distribution of {J(t)} or {JB(t)} as t » o for the isokinetic or isoenergetic system,
respectively, results obtained directly from the variance are also presented. Clearly tt
equivalence of L(F and I:(Fe) is only observed at small fields. At intermediate fields the
Green-Kubo transform of the dissipative fILI[x(Fe), underestimates the actual transport
coefficient while at high fieldsf_(Fe), overestimates the transport coefficient. We conclude

that nonlinear Green-Kubo relations (27, 33)rasevalid in the far from equilibrium regime.
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VI. DISCUSSION

In the zero field limit, thermostatted linear response theory can be used to determine tt

field dependent transport coefficients. For the isokinetic response:

(De. p
?: =B,V ‘!)' dt(J(0)J(1)), (38)

fim L (F.) = - lim
where the ensemble average , is over the equilibrium isokinetic ensemble. This
expression derived from linear response theory is identical to (27) in theAimid, which

was derived using both the CLT and the FT. The results in Figure 4 confirm the agreement
(38) and (27) in the zero field limit with linear response theory.

This work alsoshows that in the zero field limit, one can calculate linear transport
coefficients by considering the limiting long time variancrém(Fe =0), of the distributions
of J(t) (24, 31), rather than by computing autocorrelation functions of the dissipative flux and
then performing the appropriate long time integrals. The variance of the t-averaged flu
therefore provides an alternative route tolilnear transport coefficients and equations (24,
31) thus provide useful Einstein routes to linear transport coefficients.

We now turn to the question of why thenlinear Green-Kubo and Einstein expressions
fail, far from equilibrium. A necessary condition for the CLT is the statistical independence
of the sample averages. A breakdown of this independence could be responsible for tl
breakdown of the CLT, Einstein and Green-Kubo expressions. However, trajectory segmen
that are much longer than the Maxwell tintg,, which characterises the decay of the
autocorrelation function of the dissipative flux autocorrelation function, should mave
correlations between successive sampled()f Thus, regardless of the distribution of J(t)
we expect that for long enough t, the CLT will apply. Figure 5 compares the decay time
autocorrelation function of J(t) for different applied fields. At moderate figjdis less than
it is at equilibrium. Only at very large fields dogg increase. This means that possible

decay time divergences or anomaliesraveresponsible for the breakdown of the nonlinear
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Einstein and GK expressions (33, 27). Further, if one computes the distribution), dor
various values of t, one canraliserve departures from Gaussian behaviour for values of t >>
Tnm, In the neighbourhood of the mean current.

Figure 6 compares the distributions of J(t) (the distribution of the instantaneous flux) ant
J(t) for an equilibrium and nonequilibrium system with a strain rate which ensures it is in the
nonlinear regime (T=1.0, n=0.8§71.0). While the skewnesy;, and kurtosisk, for the
instantaneous equilibrium J(t) distribution are zero within error bars which is consistent with ¢
Gaussian distribution, the skewness is non-zero for the sheared syster0.23+0.01,k =
0.13+0.04, respectively). The distributions of the time-averaged fluxgs were obtained
for a trajectory segment of length t = 4.0 and both distributions, as expegieeqr
Gaussian. The skewness of the distribution for the sheared system 19.064+0.004, and
the kurtosisk =-0.02+0.02. Thusn the basis of these tests although for a sheared system
the distribution of J(t) is not Gaussian the distributionJ@j, for a trajectory segment of

length t = 4.0, is on the scales shown in Figure 6, already indistinguishable from a Gaussian.

As noted in references [21, 22], the distributionJf) and JB3(t) cannot be exactly
Gaussian because the values of these variabledounded. In practice however these
bounds are so large that they become irrelevant in the timito where the t-averaged
distributions collapse to zero variance distributions. Moreover, the bounds still apply in the
zero field limit where the Green-Kubo and Einstein expressions are all valid. Thus the
boundedness of the fluxes cannot be the responsible for the breakdown of the nonlinear C

and Einstein expressions.

If we examine the derivation of equations (27) and (33) more closely, it can be seen that |
order to obtain a GK expression we require the distributioboah J(t) = J,(t) and
J(t) = -J_(t) be well approximated by a Gaussian for times sufficiently long that the GK
integrals have converged, t X% (Fe¢) (see Appendix for details) [13, 14]. Amleviations
from the behaviour indicated by (21) and (28) will be related to the relative deviation of the

distribution from a Gaussian at baip(t) andJ_(t). It is therefore of interest to consider the
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rate of convergence @ Gaussian. The magnitude of the relative deviation of the distribution
p((J(t) —j)/crj(TM)) from a normalised Gaussian generally increases with the separation o
J(t) from the mear for sufficiently large separations (see, for example, section 7.2 of [13]).
Here O3, ) is the standard deviation of the distributipfd(t)) when t =ty. Inthet - o
limit, at fixed J(t), the magnitude of the relative devaition pfJ(t)) from a Gaussian
becomes infinite. This means that in the o limit, the CLT gives information which is not
sufficiently precise to derive Green-Kubo relations for non-zero applied fields.

We illustrate this point in more detail. Suppose @} = J, (t) is equal to the mean
current, J; then the conjugate trajectories will hawt) =J_(t)= -3J. Clearly
| J_(1) —j|: 2L(F,)F,. Therefore using equation (45) of Appendix A, we findhe t - oo

limit, except whenF, =0,

‘3_(0 —j‘/ojﬁm) = 2L(F)Fe / 0y, = Fe2VIL(R)B — co. (39)

For any non zero field, iﬁ(t):j, then as t increases, the valueJoft) moves further and
further into the wings of the normalised distribution where the magnitude of the relative
deviation of p(J(t)) from a Gaussian grows without bound. Strictly speaking therefore, in the
infinite time limit, for any finite field, the relative deviation qf{J(t)) from a Gaussian,
evaluated in the neighbourhood of the mean anticurFeJ:intgrows without bound and
nonlinear Green-Kubo relations cannot be derived. However, in practice one does not need
take the infinite time limit. Considering the shift in the mean value of the dissipative flux

with field shows that the nonlinear GK expression willabproximately correct provided,

F < O(1/ BV T (FL(R)). (40)

whereV,, is the minimum volume required for transport coefficient to be approximately
equal to its large system, limiting value [24]. Clearly the nonlinear GK relations satisfy this
relation only in a small neighbourhoowtluding F, =0. For the systems studied here,

equation (40) predicts that the nonlinear GK relations wilpeoximately correct provided
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y <~10". This is in agreement with experimental observations given in Figures 4(a),(b),

4(c).
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Appendix.

The variance of the time-averaged dissipative flux is given by,

a2, = () - (I)?)
:<Tz(f;dsim(sl))(f;dszm(sz))> (40)

) tizﬁ ds [ ds,(AX)AXs,))

where AJ(t) = J(t) - (J). Using a change of variables; =s, —s, andt, =5, +s, this

integral can be written:

GJ(t) IdTI d% A3 (1, +1,))AJ(3 (T, - 1))>
(41)
+2—tz fodn ! ds(AXE(r + 1, ~ A (T, ~ 1, - 1)

Since correlation functions are invariant under a time translation in the steady state, and

using the symmetry of the functions we obtain,
J(t) — J’ dt I dt,(AJ(t,)AJ(0)). (42)
Changing the order of integration gives:

J(t) t2 J’ dTJ’ dt,(AJ(1,)A)0))
:t_2 J’Odrl Ll dt,(AJ(1,)A(0)) . (43)

=2 fdrlmJ(rl)AJ(O)(t -1,))
t 0
Therefore, for any steady state system, at all times:
t0%,(F.) = 2 d5((A(0) ~ (3 )9 ~(I,)) - jd5<(J(0) DO -(D))s. (44)

At any time greater than the time required for the time correlation function to decay to zero,
tc > ty, in an isokinetic systenﬁzcds<(3(0) —<J>Fe)(J(s) - <J>Fe)> = EJ(O; F)/(B,V) and

te ~
[, 40 = (9 )X - (I, ))s=-Li(sF) / (ByV). Therefore,
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g, ()= 2R 2R (@5

If the distribution is Gaussian aft) and -J(t) at ¢, then assuming that the second term of

(45) is negligible and that the FT is true at t=dombining (20) and (45) gives,

_<J>F 2
F = %BOVt Coj(tc)

e

=L,(OF). (46)

That is, a GK expression is valid.
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Figure Captions

Figure 1. The shear stressyHor trajectory segments from a simulation of 200 disks at T =
2pi2/2mNkg = 1.0, and n = N/V = 0.4. The trajectory segméip,s), was obtained from a
forward time simulation. Att =2, a time reversal map was appliég.ipto givel s (for

the SLLOD equations of motion the time reversal map is the Kawasaki map ¢xpy,\Ww—

(X, -y, B, P Y)). Forward and reverse time simulations from this point give the trajectory
segments s g)andl 5 4), respectively. If one invertsin P,y = 0 and inverts time about t =

2, one transforms the,f{t) values for the anti-segmeht, g) into those for the conjugate

segment[ (q 3

Figure 2. Schematic diagram showing two disconnected subvolumes of phas®¥pée
oV 1'(0) from which trajectories originate which, after a ti@e have time averaged values of
o which lie in the range{a . (21),a.(21) + da). At time 2t these volumes evolve tdY 1(21)

=0V3, 0V 1'(21) =dV3'. See equation (16).

Figure 3. Calculation of I:J(O; Fe) from the variance of distributions of the t-averaged
dissipative flux for simulations at: (a) constant temperature with T = 1.0, n =040
(unfilled circles), &= 1.0 (filled circles) and &= 2.0 (squares); (b) constant temperature
with T = 1.0, n = 0.8; £= 0.0 (unfilled circles), &= 0.5 (filled cirlces) and &= 1.0
(squares); and (c) constant internal energy with E/N = 1.56032, n =080.B (unfilled
circles), ik = 0.3 (triangles) and 0.5 (filled circles). The crosses SEQW; Fe) determined

from the zero frequency Green-Kubo transform of the dissipative flux.

Figure 4. The filled circles show the viscosity as a function of strain rate for systems at (a)
constant temperature with T = 1.0 and n = 0.4; (b) constant temperature with T = 1.0 an
n = 0.8; and (c) constant internal energy with E/N = 1.56032 and n = 0.8. The crosses a
predictions determined from the Green-Kubo expression (equation (27) for the isokinetic cas

and equation (33) for the isoenergetic case) and the squares are predictions from the varial
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(equation (22) for the isokinetic case and equation (29) for the isoenergetic case).
t
Figure 5. The decay of the shear stress time correlation funcﬁdt(ny(O)ny(s», at
0
equilibrium and in nonequilibrium steady states for a systems at constant temperature with
=1.0and n =0.4. The full line is at equilibriugn=0) the dotted line is for a simulation with

a strain rate of = 1 and dashed line with a strain rateyef 2.

Figure 6. (a) The instantaneous (small circles) and time-averaged distribution (squares, t
4.0) of the dissipative flux for an equilibrium system at T = 1.0 and n = 0.8. (b) The
instantaneous (small circles) and time-averaged distribution (squares, t = 4.0) of th

dissipative flux for a nonequilibrium system at T = 1.0, n = 0.8 andywith.0.
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