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Lyapunov spectrum for colour conductivity of 8 WCA disks.
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Using the Conjugate Pairingule, the selfdiffusion coefficientcan be
calculated from the maximal Lyapunov exponents iINEBMD Colour Conductivity
simulation,

_ =3(KT)* (A1 +Aen)

D 2
Fe (43)

In order to calculata,,;,, normally anextraordinarily difficult task, we calculate the
largest Lyapunov exponent for the time reversetl-steady state
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The figure above compares the shear viscosity computed directly using NEMD with the
value obtained using theonjugate Pairing Rule



Second Law violations in Nonequilibrium Steady States

For reversible deterministic N-particle thermostatted systems, we examine the
guestion of why it is so difficult to find time reversed trajectories, that wilbiag
times, under the application of an external dissipative field, lead to Second Law
violating nonequilibrium steady states.

In anonequilibrium steady state:

exp[- Z }‘niT]
W = njA ;>0
! Zexp[— Z)\ij]
] mlA ;>0 (44)

where {\,;;n=1,..6N} is the set of local Lyapunov exponents, for segment, i.

And the ratio of the limiting - o) probabilities that the system is on a
segment i and itsonjugate anti segment, iis,



exp[ - Z)\ni*.[] exp[ Z}\nir]

M- — N|A - >0 = A >0
Wi expl= > AnTl expl= ) ATl
mlA >0 mA ;i <0

=exp[T) Ayl =exp[-3N <a > T]
n

where we used that,

6N
AN <O >;= _z)\ni
=

(45)

(46)
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We show the probability distribution of gP_ . The distribution isapproximately
Gaussian. As can be seen the right hand tail of the distribution whgre =P0

consists of K-states which for a tine,defy the Second Law of thermodynamics.
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We plotN = In[p(<Ry>) / p(<-By>)] / 2Nt and U> by for 1=1.6 andy = 0.1.
These two functions are essentially linear in,=Pwith slopes that are vemearly
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identical. The straight line shows a weighted least squaresiTigte,,>.).

016 fg—————————————————— !
0.14- ﬁ —*»y=01 799
_ 1 ] 79
= 1% « y=05 198 3
0124 | - !
- 1 107 L
- 1 . w
o ] 4 S
& o104 3‘\ 79° 3
o _
A 1 0.5
0.084 '\ -
I 70
0061 Ty T g
0.0 0.4 0.8 1.2 1.6 2.0

We graph the slop&{in[p<P,,> / p<-R,>]/2N1}/0<P,,>, as a function oft for
y=0.1, 0.5 The corresponding results foos o, ,

independent of the averaging timie In determining the slopes a weightieast

are not shown here since they are
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squares fit of the data was used. We see that.as, the slope approaches the

independent, slope ofcx<>T,PXy as a function of <p>_, which is shown by the arrow.

For transient statewhich evolve from equilibrium at t=0 towards the steady state we
define:

Py = % [ Py (Miy(S)0s (47)

For every such transient segment, we define(theegment for whicl< B, > w0y =
= <Py>- This is theKawasaki mapped segment

where, [T = MK(X,y,Z,0,0,,P,.Y) = (X/Y,Z,PuBy,—PR,Y) = K. One can show,

Py (=t.7,y) = exp[-iL (T, )tIRy () = =Ry (.7, y) (48)
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V2 = Vy(1) = V5(0) expl [ Na(s T 1))l (49)

Va=V,(21) = Vy(0) expl [ SNau(S T ). (50)

So the ratio of observing transient segments and their conjugates is:
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21
Haufky = Vi/V(0) = Vi(20)/V4(0) = expl [ =3Na(s )], 3. (51)

Logarithmic probability ratio of segments:antisegments
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Lagrangian form of the Kawasaki Distribution

Clearly one can write,
exp(iL(Mt)f(r,0) =f(I',-1) (52)
However, since this equation is true forlait must also be true fdr(-t), so that,

exp(iL(l (-0)))i(F'(-1),0) =1(F(-1),-t) (53)

Using a Dyson decomposition of the distribution funcgwapagator,one canshow
that,

t
exp(iL(IMN)t) = exp[—J’BNa(r(s))ds] exp[iL(M)t]
0 (54)
Substituting equation (54) into (53) gives,



t

f(r(-t),-t)= eXp[—IBNO( (I (s—t))ds|exp[iL (I (-t))t]f (I (-t),0)
0

t
= exp[—IBNa(I‘(s— t))ds]f (I (0),0)
0

~t
= exp[I3N0((F(s))ds]f(F(O),O)

0 (59)
and therefore,

i
f(I(t),t) = exp[I3N0( (I (s))ds]f (I (0),0)
0 (56)

We call this equation theagrangian form of the Kawasaki distribution.

15
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Using the Lagrangian form of the Kawasaki distribution function. Sinsé (1),
=T (1),

pe _ f(ry(0),0)
i 1(T4(0),0)
~ 1

) exp%N Ij(tzlsa(rl(s))%

— — e 8
—exp[ 3N(a /1’32t] (57)



Aside:
d InV(r(t))
dt

V(F(t)) = V(r(O))e_.(i;dS?’NO‘(S)

= —3Na(t)

0 f(r(R).1) = f(r(O),o)ei ds3Na(s)

V(r(t)) = V(r(O))e_,:[dS3N°‘(S)

17
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