Tests of Nonlinear Resonse Theory

We compare the results of direct NEMD simulation against Kawasaki and TTCF for 2-
particle colour conductivity.
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Entropy
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In the steady state where averages of phasetionsare by definition,time
independent, the entropy diverges (at a constant rate) towerds -

In the absence of a thermostat the entropgrof Hamiltonian system is a constant of
the motion (Gibbs, 1902)!



Instability of Phase Space Trajectories
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The equations of motion for the infinitesimal tangent vectors are,

d Yo s iy 2 OT(T®) < E
aéri(t)_T(r) of’; (1) = ori(),  (1=1..,6N). (31)

In the infinitesimal limit,dl;(0) - 0, the formal solution of this equation can be written
as,

3, (t) = exp, [ [UST(T ()] 3T, (0) =L (1) 3T, (0), (32)
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The Lyapunov exponentare also the logarithms of the eigenvalues ofsyrametric
matrix, /\,
1/2t

A=1lim(t - ©)A(t) =lim(t - °°)[|—T (t) 'L(t)] (33)

The Liouville equation states that, (1/f)df/dt = @N We can see that the
accessible volume of phase space, V~1/f, decreases to zero.
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In the steady state,
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We this theLyapunov Sum Ruléor shear viscosity.

Symplectic Matrices

We definel, K, as,

1,00

0,1 0
T=H 0B TR H

wherel is the 3N x 3N identity matrix and0 is the 33N null matrix.
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Hamiltonian systemgl, satisfies thenfinitesimally symplecticondition
TTeJ = =JT (37)
It is known that this condition is satisfied if the maffixcan be written in the form,
T = A B[
* -A™H (38)

where the matrice8 and C are symmetric L, satisfies theglobally symplectic
condition if,

LTIL =J (39)
Identities

If Lisg-symplectic:L' ¢ JeL =J

Using the fact that J« J = -1,

LTeJeL=J 0O LTeJeLed=-10 L' eJeLeJeL'=-LT

O L™ e LTedeLedeLl' ==L eLTO JeLeJeLT =1

OLeJdeL'=J



If, A=L" « L then Aisg—symplectic
AN eJeA=J =AeJe A

Pf :

(LTeL) eJeLTeL=LTeLedeL oL
= LTeJeL

=J
If L is g-symplectic and

L ('[) - e!'OT(s)ds

thenT is i-symplectic.
Differentiate wrt t,

LT e TT(t)e JeL+L e Je T(t)eL =0

OTTed==JeT

Conversely ifT is i-symplectic ther is g-symplectic.
TT(t)ed==JeT(t), OtK §

thenatt=0

L' (0)s JeL(0)=J (BecauseL(0)=1)K #



Differentiate wrt t :

%LT(t)- JeL(®)=LT(t)+ (TT(t)s J+Je T(D)* L(Y)

If we use § we see that
d
dt
Combining thiswith #, we see that

OL"(t)eJeL(t)=J, 0.

LT (t)e JeL(t)=0, Ot

L isg-symplecticiff T isi —symplectic

I-form of the Symplectic Eigenvalue theorem

If T eJ==JeT



T‘Ui :Viui
J'T'Ui :Vi‘J.ui
TT'J'Ui :_ViJ°ui

and therefore P, is an eigenvalue of the i-symplectic maffixso too isv,".

g-form of the Symplectic Eigenvalue theorem
If, L isg-symplectic and
LeX=AX

(Jox) eL=x"eJTeL
But from the g- symp condition,

LTedTeL=d"T0OJTeL=LTteg"
0o,

(Jex)ToL=x"eLT el
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From the eigenvalue equation

(Lex)! =x"oLT =AxT

and

XT o LT—l — A_:LXT

Substituting gives,

(Jox) oL=AXTedT =AJex)T

and (J+ x)" isan eigenvector of L with eigenvalue At
0 Je x isan eigenvector of LT with eigenvalue A

0 Alisan eigenvalue of L
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Conjugate Pairing Rule for Lyapunov Exponents

The Lyapunov exponents are the logarithms of the eigenvalues of the real symmetric
/
matrix A(t) :[LT(t)- L(t)]l Zt, andA =limA(t). If L is g-symplectic thei is g-
t- o0

symplectic so that,

A eJe A=AeJe A=

Clearly therefore,

JeA=N1e)

If u; is an eigenvector ok with real eigenvalueg;,

Ne Ui :Viui
Je Ao ui :Vi‘J'Ui

A_1°J° Ui :ViJ' ui
Rearranging gives that,
AeJeu =viJeu

This implies thaJe u; is an eigenvector ok with eigenvaluevi"l. The Lyapunov
exponent corresponding to the eigenveatas A; = In(v;), and that corresponding to
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Jeu; is Ajx = —=In(v;). Thus for dynamical systems with an i-symplectic local stability

matrix (or equivalently with a g-symplectic tangent propagator majrikyapunov
exponents occur in conjugate pairs which sum to zero

Thermostatted Hamiltonian systems.
L(t) = exp, J’; dsT(s) = exp, I(; dgT'(s)—a(s)1/ 2] =L' (t)e /2

where

o= %I;a(s)ds.

T' has the i-symplectic symmetry $0is i-symplectic and.' is g-symplectic. Letting
A =lim[LT L]
t= o0

we know that\' is also g-symplectic and since,
N=N.exp[-a/2] and,AN'«J* A" =], so

ANeJeA=e NeJe N=e%]
JeA=e N1

If
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Ne Ui = Viui

JeAeu =e “At)eJeu, =v Jeu,

A(t)sJeu, =v e ®Jeu,

Thus ifu; is an eigenvector with eigenvalug J.u; is an eigenvector with eigenvalue
vi_le_a. The Lyapunov exponent corresponding to the eigenvagten; = In(v;),

and that corresponding b u; is Ajx = —In(v;) —a. This in turn implies that i&; is a
Lyapunov exponent, its conjugate exponerijis —A;—a and the sum of the conjugate

pairs of exponents —a, independent of the pair index. This is known as the
Conjugate Pairing Rule

3nkT(AL(F.) + Agn(Fo))
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L(Fe) =



